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SUMMARY

In this paper, a higher-order sliding-mode observer is proposed to estimate exactly the observable states
and asymptotically the unobservable ones in multi-input—multi-output nonlinear systems with unknown
inputs and stable internal dynamics. In addition the unknown inputs can be identified asymptotically.
Numerical examples illustrate the efficacy of the proposed observer. Copyright © 2007 John Wiley & Sons,
Ltd.

Received 8 May 2006; Revised 14 December 2006; Accepted 9 March 2007

KEY WORDS: higher-order sliding observers; unknown input observers

1. INTRODUCTION

State observation and unknown input reconstruction for multi-input-multi-output (MIMO)
nonlinear systems is one of the most important problems in modern control theory [1]. The
problem of robust state observation continues to be actively studied using sliding modes, see, for
example, [2-5]. The corresponding implementation effects were extensively studied in [6].
Sliding-mode observation strategies possess such attractive features as

® insensitivity (more than robustness) with respect to unknown inputs;
® the possibility of using the equivalent output error injection as a further source of
information.
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Step-by-step vector-state reconstruction by means of sliding modes has been presented in
[2,7-9]. These observers are based on a transformation to a triangular or the Brunovsky
canonical form and successive estimation of the state vector using the equivalent output error
injection. The corresponding conditions for linear time-invariant systems with unknown inputs
were obtained in [4,9-11]. Moreover, the above-mentioned observers theoretically ensure finite-
time convergence for all system states. Unfortunately, the realization of step-by-step observers is
based on conventional sliding modes, leading to filtration at each step due to discretization or
non-idealities of the analog devices used to implement the schemes. In order to avoid the
necessity for filtration, hierarchical observers were recently developed in [10, 12] iteratively using
the continuous super-twisting algorithm, based on second-order sliding-mode ideas [13].

The super-twisting structure is also used in the modified version of the step-by-step observer
in [9]. Unfortunately, these observers are also not free of drawbacks: the super-twisting
algorithm provides the best possible asymptotic accuracy of the derivative estimation at each
single realization step [13]. In particular, the accuracy is proportional to the sampling step ¢ for
the discrete realization in the absence of noise, and to the square root of the input noise
magnitude if the discretization error is negligible. The step-by-step and hierarchical observers
use the output of the super-twisting algorithm as a noisy input at the next step. As a result, the
overall observation accuracy is of the order 5!/ ZH, where r is the observability index of the
system. Similarly in the presence of measurement noise with magnitude e, the estimation
accuracy is proportional to ¢'/?" which requires measurement noises not exceeding 10~'¢ for a
fourth-order observer implementation to achieve an accuracy of 107!,

The use of higher-order sliding-mode differentiators [14] for exact observer design for linear
systems with unknown inputs, initially transformed to the Brunovsky canonical form, is
suggested in [9]. This work has shown that the accuracies increase to 6 and &!/0+1, respectively.
In this paper, an exact observer scheme for the nonlinear systems with unknown inputs is
proposed based on two steps:

e transformation of the system to the Brunovsky canonical form;
® the application of higher-order sliding-mode differentiators for each component of the
output error vector.

The proposed scheme ensures exact finite-time state estimation of the observable variables
and asymptotic exact estimation of the unobservable variables for the case when the system has
stable internal dynamics. Also the unknown inputs can be identified asymptotically.

2. SYSTEMS DYNAMICS

Consider the following MIMO locally stable system
X =f(x) + G(x)o(1)

(1)
y = h(x)
Where f(x) € m”’ h(x) = [hl’hZJ te shlﬂ]T € m’n’ G(x) = [glagZ? e ,gm] € mr[)(m’ X e mna y € ‘J{m:
@€ R", and g; € R' Vi=1,...,m are smooth vector and matrix functions defined on an open
set Q C R".
Copyright © 2007 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control (in press)
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Assumptions (Isidori [15])
At a neighbourhood of any point x € Q

(1) The system in (1) is assumed to have a vector relative degree r = {ry,r2,...,rn}, i.€.
Ly Lihi(x)=0 Vj=1,....,m Vk<ri—1 Vi=1,...,m

(2)
Lg,Lj'Q’_lh,-(x);éO for at least one 1<j<m
(i) The m x m matrix
[ Lgl(l‘_;‘lilhl) ng(L_,f"flhl) Lgn1(L;171h1) 1
Lo (L hy)  Lo(Lp'hy) -+ Ly, (L 'ho)
E(X) = . . . . (3)
L L, (L;‘m_lhm) ng(L_;‘m_lhm) Lgm(L_;‘m_lhm)_

is nonsingular;
(ii1) The distribution I = span{gy, g, ...,gn,} is involutive.

A well-known property of systems of the form in (1) which satisfy assumptions (i) and (ii) is
summarized in the following lemma [15].

Lemma
Suppose that assumptions (i) and (ii) are valid for the system (1). Then the row vectors

dhy(x), dL(x), ..., AL}~ (x)
dhy(x), dLyhy(x), ..., AL~ hy(x)
‘ “4)

dhy(x), dLhy(x), ..., AL ()

are linearly independent. O

The lemma conditions are also interpreted in [16] as the notion of local weak observability.

3. PROBLEM FORMULATION AND MAIN RESULT

The problem considered in this paper is to design an asymptotic observer that generates the
estimates X(f), ¢(¢) for the state x(¢), and the disturbance ¢(7) of the system (1)—(3) given the
measurements y = fi(x), i.e.

lim [|X(7) — x(1)|| =0 (5)
t—00
lim [[¢(2) — (1) =0 (6)
t—00
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3.1. Coordinate transformation

The system given by (1)~(3) with an involutive distribution I"' = span{g|,g>,...,g»} and
total relative degree r = >_"" | r;<n can be presented in a new basis that is introduced as
follows:

& () hi(x)
I IS $5(x) Lyhi(x)
Eantd= |I=0 = ' e Vi=1,...,m

&, ¢1.(x) Ly~ i)
51 ’/Il d)r+l(x)
& M ¢ 12(x)

c=| L= |= . ()

4 Mo NEY)

It is well known (see Proposition 5.1.2 on p. 222 of [15]) that if assumption (i) is satisfied then it
is always possible to find n — r functions ¢, (x),..., ¢,(x) such that the mapping

D(x) = col{|(x), ..., b, (X), ..., T (X), ..., P (%), by (X), ..., D, (x)} € R (®)

is a local diffeomorphism in a neighbourhood of any point x € Q ¢ Q ¢ R", which means

x=0"'(&n) )

Furthermore, for a system given by (1)—(3) with an involutive distribution I' = span{g;, g>,...,
gm} 1.6 assumption (iii) it is always possible to identify the functions ¢, ((x), ..., ¢,(x) in such a
way that

Lgpi(x)=0 Vi=r+1,....,nV¥j=1,....m (10)

in a neighbourhood of any point x € Q ¢ Q C R".
Taking into account Equations (7) and (8), the system given by (1)—(3) with an involutive
distribution I' = span{gi,g>, . ..,gn} and a total relative degree r = Y i, r;<n can be written in

the form

=N +YEm+AEn ) Vi=1,....m (11)
n=q(c,n) (12)
Copyright © 2007 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control (in press)
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where
01 0 0 0 0
oo01 ---0 0 0
A= ewn yem=| | =
000 0 0 Lihi(x) Lihi(@~ (&, m))
0 0
0 0
A&, 0(1) = _ = _ Vi=1,...,m
S Ly L i(x)(0) S Ly L (@ (& ), (1)
Remark

In this paper, it has been assumed that the total relative degree r=73 ., r;<n. The
developments, however, are also applicable to the case when r = n with minor modifications.
In this situation, there will be no internal dynamics and all the results will be finite time in
nature.

3.2. Internal dynamics

It is assumed that for some norm-bounded ¢ = &(7) : ||&(7)]] < Lg, there exists an unique and
norm-bounded solution of the equations of the internal dynamics (12) n = #(¢) : [|7(H)|| < L.

This norm-bounded solution of the internal dynamics (12) is assumed to be locally
asymptotically stable: this means that, first of all, it is stable in a Lyapunov sense and, second,
there exists an ¢ >0 such that V() satisfying ||n(ty) — 7(20)|| <& = lim,_ o ||n(?) — 7(?)|| = 0.
Such an assumption guarantees that there exists a domain ® : ||n(#)|| € Ly,) so that a solution
n =n(t, ty),n(ty) € O, asymptotically converges to a solution n = 7(t, o) with some unknown
initial condition #f(zy) € ©® and forced by & = &(1), i.e. lim, o ||1(%, to) — 7(1)|| = 0.

Remark

Of course, not all systems satisfy this assumption (in the same way not all systems have stable
zero dynamics for instance). In addition, for general nonlinear systems, this requirement may be
difficult to check.

3.3. Higher-order sliding-mode observer

Definition 1
System (1)—(3) is said to be locally detectable, if

e total relative degree is r= Y 1, r;<n;

Copyright © 2007 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control (in press)
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® the distribution I' = span{gy, g,...,gx} is involutive;
® the internal dynamics (12) are locally asymptotically stable.

The derivatives éj(z) Vi=1,....mVj=1,...,r; of the measured outputs y; = h;(x) can be
estimated in finite time by the higher-order sliding-mode differentiator [14]. This can be written
in the form

sio__ 0
Zp ="

vh = —=Zglz — v sign (2 — yi0) + 2|

4=
v = =212 — | =D sign (24 — vi) + 2}
(13)
Z'f',-—l = V-1
Vi = —)Lf,’,_l |z, — vf.i_zl(l/z) sign (2 _; — Vi )+ 2.
2= =70 sign(z —vi_))
for i=1,...,m. By construction,
=l =zb....8 =dl =z, & =¢lx)=2]
(14)
G=r =z =dm = G=drw=z,
Therefore, the following exact estimates are available in finite time:
& () 3
18 $5(x) | &
&= = eR" Vvi=1,....m &= eR (15)
& () &
Next, integrating Equation (12), with & replacing ¢
0= q(& 1) (16)

and with some initial condition #(#y) € ® from the stability domain ® of the internal dynamics
(12), a solution #(¢) is obtained. This solution 7(f) converges asymptotically to an unknown

Copyright © 2007 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control (in press)
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(unobservable) solution #(¢) that passes through an unknown initial condition 7(zy). In other
words, the asymptotic estimate #(z) of () can be obtained locally:

i bri1(x)
i bria(x)
= = (17)
Hn—r Bu(x)

Finally, the asymptotic estimate for the mapping (8) is identified as
D(£) = col{P}(£), ..., L (X)L PR, P (£), iyt (B, ..o, Pu(£)} € R (18)

The asymptotic estimate X of the state vector x can be easily identified via Equations (9) and
(18) as

() (19)

It is worth noting that the operation (19) is also local and can be performed, for
example, by inverting a Jacobian of the map (18) that is nonsingular in a vicinity of some
point x.
Combining the last equations in the ith subsystem in (11) in a new system, we obtained:
m
E =L@ En) + > Lo L h(@ ' Emoy() Vi=1,....m (20)
Jj=1

Since the finite-time exact estimates é;l of f;l Vi=1,...,m are available via the higher-order
sliding-mode differentiator (13), (14), and using the estimates &, for £, 5 in (20), the asymptotic
estimate ¢(t) of the disturbance ¢(¢) in (1) can be identified

& L (@' )
) £ Ly (@' (1)

¢ =E@'E || |- , @1
\én Ly hn(@7(E, 1)

Based on the developments in this section, the following theorems are true.

Theorem 1
If system (1)—(3) is locally detectable in the sense of Definition 1, the higher-order sliding-mode
observer (13), (14), (19), (21) asymptotically estimates the state x and the disturbance ¢(¢) in the
system, and hence the goals of the observer design (5) and (6) are met.

When the total relative degree of the system is r = n, all the states are estimated in finite time.

Copyright © 2007 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control (in press)
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Theorem 2

Suppose that system (1)—(3) is locally detectable in the sense of Definition 1 and the measured
outputs are corrupted with noise which is a Lebesgue-measurable function of time with maximal
magnitude ¢. Then the higher-order sliding-mode observer (13), (14), (19), (21) ensures a state
observation error accuracy of the order of /D F=maxr,i=1,...,m.

Theorem 3
Suppose that the outputs of system (1)-(3) are measured at discrete sampling times
with a sufficiently small sampling interval 6. Then the higher-order sliding-mode observer
(13), (14), (19), (21), after some transient, ensures a state observation error accuracy of the
order of §°.

Remark
When the total the relative degree of the system r = n, all the states are estimated in finite time.

4. EXAMPLES
Example 1
Consider a satellite system which is modelled as in [17] as
p=v

where p is the distance between the satellite and the Earth centre, v is the radial speed
of the satellite with respect to the Earth, w is the angular velocity of the satellite around the
Earth, m and M are the mass of the satellite and the Earth, respectively, k, represents
the universal gravity coefficient, and 0 is the damping coefficient. The quantity 4 which
affects the radial velocity equation is assumed to be a disturbance which is to be
reconstructed/estimated. Let x = col(xy, x3, x3) = (p, v, w). The satellite system can be rewritten
as follows:

X2

x1x3 — k ’
X = R + |1 |d@ (22)

2X7X 0

_2XX3 oy
X
=X (23)
where y is the system output, k; = k,M and k> = 0/m.

Copyright © 2007 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control (in press)
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By direct computation, it follows that
Loh(x) =0, LyLrh(x)=1

and thus the system (22)-(23) has global relative degree 2. Choose the coordinate
transformation as 7 : & = x1,& = xp, = x%x3. Note that for x;#0, this transformation is
invertible and an analytic expression for the inverse can be obtained as x; = &, xo = &, x3 =
11/5%, since x| = p is the distance of the satellite from the centre of the Earth x; #0. It follows
that in the new coordinate system col(&;, &,, 1), system (22)—(23) can be described by

51262
2
: k
&= 12—3——1+d
(- 51
1= —kan

Clearly, the system internal dynamics are asymptotically stable since k» > 0. Therefore, system
(21)—(22) is locally asymptotically observable. From (13) and (14), the higher-order sliding-
mode differentiator is described by

Zp =g
1 1,1 2/3 | 1
vo = —20lzh — v sign (2 — ) + 2|
z'} = v}

1 Ll 1 1/2 1l 1
v = —Alz; — vl /2 sign (z; =vp)+ 2,
2= M) sign (2 —v)

Define ¢, =z}, & =z, éz = z}. Then,

. |é
E=1| .| € 2
$)
is an estimate of ¢ and the estimate for 5 can be obtained from the equation #j = —kyij.

Therefore, the estimate of the disturbance d(¢) is available online, and from (21),

kl
53 &
is a reconstruction for the disturbance d(f). As in [17], the parameters have been chosen as
follows: m =10, M = 5.98 x 10, k, = 6.67 x 107! and 6 = 2.5 x 10>, For simulation pur-
poses, choose d() = e~ %9%sin(0. 02[) The differentiator gains /] are chosen as Jo=2and /| =
/11 = 1. In the following simulation, the initial values x¢ = (107 0,6.3156 x 10~%) for the plant
states in the original coordinates whilst for the observer zy = (1.001 x 107,0,1) and 7, =

6.3156 x 10~ (in the transformed coordinate system). Figures 1 and 2 show that the states and
the disturbance signal d(¢) can be reconstructed faithfully.

d(l) = fz

Copyright © 2007 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control (in press)
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20 T T T i
d(t)
1ok IA\ — — — reconstruction of d(t) | 4
[\
OF7T 17V
\ | /
-0 i
20 : : : :
0 200 400 600 800 1000
time [sec]
1 T T T :
d(t)

— — — reconstruction of d(t)

0 200 400 600 800 1000
time [sec]

Figure 1. The disturbance signal d(7) and its reconstruction signal c?(l).

Example 2
Consider the fifth-order nonlinear system
_2X1 — X2 T B 0 _
X1 0 0
—xj— - @1
x= VTN 0 | 4 (2 4 sin (xs)? [ ] (24)
X3 @,(1)
’ 0 (1)
2x5 + sin xs o(t
=T 0 0
_(xz )2+cosx5 ] <& _
S G(x)=[g1(x).g2(x)]

yi=h(x)=x 25)
V2 =h(x) = x4

in the domain Q = {(x, X3, x3, X4, X5)| [X2] <3.5, x1, X3, X4, X5 € R}, where x € R is the system
state, y = col(y, y2) is the system output, and ¢(r) = [¢,(1)@,(¢)]" is the system input which will
be reconstructed.

By direct computation, it follows that

Lg1h1 = nghz =0

Copyright © 2007 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control (in press)
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x 107
1.005 T T T T
1 A———/////_/X:’_——_—f-
— - — Estimate of x,
0.995 . . L .
0 200 400 600 800 1000
time [sec]
500 T T T
X5
0 ——7:""’\—‘—”_\ — . — Estimate of x,
\
~500 1 1 1 1
0 200 400 600 800 1000
time [sec]
x 1074
6.2 Xg
— - —  Estimate of x,
6 1 1 1
0 200 400 600 800 1000

time [sec]

Figure 2. The response of system states and their estimates.

and

Lglthl ngthl 1 0
Lo Lihy LyLihy | |0 14 (2xs + sin xs)?

which is nonsingular in R>. Therefore, system (24)—(25) has relative degree {2,2}. Further,
® = span{g;, g»} is an involutive distribution and thus Assumptions (i)—(iii) are satisfied. This

implies that system (24)—(25) is weakly observable in the domain Q. Then, under the coordinate

transformation: é} = X7, f; = X1, 6% = X4, f% = X3, § = 2X5 + sin xs, the system (22)—(23) in the

new coordinate system can be described by
§=6
H=-25-&+00
§=8

E=—(&) —&-28+1+n)e,1)

i= (& —dn

Copyright © 2007 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control (in press)
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It is clear that it is not possible to obtain an analytic inverse for the inverse transformation
because the fifth coordinate x5 cannot be expressed analytically as a function of # since n =
2x5 + sin xs.

Clearly, the system internal dynamics are asymptotically stable in the domain Q. Therefore,
system (24)—(25) is locally asymptotically observable. From (13) and (14), the high-order sliding-
mode differentiator (13) is described by

2=

vh = —2glzh = 1P sign (24 — y1) + 2}
Z =]

v = =211z} = vbI"/2 sign (2} — vj) + 2
3= —ii sign (z) —v})

2=}

V3 = —22|z2 — 12| ¥ sign (25 — y2) + 2}
2=

v = =71z} — v3I'?sign (23 — ) + 23
2 = —J;sign (3 —})

Define &l =z}, &l =z, él =21, & =22, 8 =22, & = 22 Then,
&l
2 21
é:: “l = © e R
& &
&
is an estimate of ¢ and the estimate for 7 can be obtained from equation
= (&) — i
Therefore,
G+ & +28
o=\, "
(G+E +a+28)/0+1)
is available online and from (19) it is a reconstruction for the input ¢(f). For simulation
purposes, choose ¢;(7) = sin(0.5¢) and @,(7) = 0.5sin(0.5¢) + 0.5 cos 7. From [16], A can be
chosen as A)=23=3, 4] =41 =15, and 2, = /3 =1.1. The simulation with the initial
values xy = (0,0.1,0,—0.2,0.2), zy = (0,0,0,—0.2,0), and #y = 0.5 are shown in the following
figures. Figure 3 shows the states and the estimates in the original coordinate system. Here

only asymptotic convergence is achieved. To obtain the values of X in terms of & and 7,
it has been necessary to embed in the simulation an iteration scheme to extract X5 from

Copyright © 2007 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control (in press)
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0.1 T T T T T T T T T
I estimate error of x|
| estimate error of x,,
— estimate error of x ;| 4
estimate error of x ,
— estimate error of x
_0.25 1 1 1 1 1 1 1 1 1
0 1 2 3 4 5 6 7 8 9 10
time [sec]
Figure 3. The original state variables x(f) and their estimates X(¢).
2 T T T T T
input ¢,
! —— — reconstruction of ¢,

0
-1
_2 1 1 1 1 1 1 1 1 1

0 1 2 3 4 5 6 7 8 9 10

time [sec]
2 T T T T T
input ¢,

1L ——— — reconstruction of ¢, _

_1 1 1 1 1 1
0 1 2 3 4 5 6 7 8 9 10

time [sec]

Figure 4. The inputs of system (22)—(23) and their reconstruction signal.

] = 2X5 +sin X5 given 7. Figure 4 shows the estimate of the unknown inputs. From the
simulation, it is observed that the proposed strategy can reconstruct the input faithfully after
approximately 1.1 s.
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5. CONCLUSIONS

In this paper, an exact observer scheme for nonlinear locally detectable systems with unknown
inputs has been proposed based on higher-order sliding-mode concepts. The approach is
applicable for a class of nonlinear systems with unknown inputs, which enter affinely. The
systematic design approach consists of two steps: first the transformation of the system to the
Brunovsky canonical form; and second the application of higher-order sliding-mode
differentiators for each coordinate of the output vector error.

The proposed scheme ensures exact finite state estimation for the observable variables and
asymptotic exact estimation of the unobservable variables for the case when the system has
stable internal dynamics. When the total the relative degree of the system r = n, all the states are
estimated in finite time. In addition to estimating the states, the unknown inputs can also be
identified asymptotically.
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