
Stabilization of amplitude of oscillations via relay delay control

L. FRIDMAN{*, V. STRYGIN{ and A. POLYAKOV{

Time delay does not allow realizing an ideal sliding mode, but implies oscillations in the state space. It is shown that relay
delay controllers allow us to achieve stabilization for amplitude of oscillations suppressing uncertainties in a time delay
even in the case when the time delay is variable. Sufficient conditions for a relay delay stabilization are found. The
obtained results are illustrated in the example of the relay delay stabilization for the inverted pendulum.

1. Introduction

Relay control systems are widely used due to the
following main reasons:

. relay controllers suppress bounded uncertainties
(see Utkin 1992);

. there are such control systems where only sign of
variables is observable (see Choi and Hedrick
1996, Li and Yurkovich 1999).

Time delay that usually take place in relay and sliding
mode control systems must be taken into account for
system analysis and design (see for example Utkin et al.
1999). On the other hand, time delay does not allow to
design the sliding mode control in the state space.
Moreover, Fridman et al. (2002) have shown that even
in the simplest one-dimensional delayed relay control
system only oscillatory solutions can occur. This is
why the main directions in relay delayed control are as
follows.

1.1. The research of time delay compensation

Pade approximation of delay reducing the relay
delay output tracking problem to the sliding mode con-
trol for nonminimum phase system was suggested by
Shtessel et al. (2002). Roh and Oh (1999) designed the
sliding mode control in the space of predictor variables
(see Gouaisbaut et al. 1999, Richard et al. 2001). This
approach allowed us to solve the eigenvalues assignment
problem without any restriction on time delay and spec-
tral properties of the open loop system. But Sing (2001)
and Fridman et al. (2001) remarked that sliding mode
control design in the predictor variable space:

. cannot compensate even the matching uncertain-
ties;

. in the simplest case, when the dimensions of the
state space and the control vector are the same,
sliding mode design in the predictor variable space
suppresses the uncertainties in the predictor vari-
able space but cannot guarantee full compensation
of the uncertainties in the state variable space.

Robustness properties of Smith predictors with respect
to uncertainties in the time delay was studied by Palmor
(1980) and Furutani and Araki (1998). The conditions
of robustness of Smith predictors with respect to uncer-
tainties in the time delay are formulated by Furutani
and Araki (1998) in terms of the stability margins.

1.2. Control of amplitudes of oscillations

P.I. delayed relay control algorithm for amplitude of
oscillations control applied to a one-dimensional system
with delay in the input was suggested by Akian et al.
(1997).

Fridman et al. (2002) have shown that any solution
of the equation

_xxðtÞ ¼ �x� p sign½xðt� hÞ�

with the initial conditions

j’ð0Þj < p 2 � e�h

� e�h
ð1Þ

for all t 2 ½T0;1Þ;T0 > 0; is located in the domain of
stabilization

jxj < pðe�h � 1Þ=� ð2Þ

under the stabilization condition

0 < �h < ln 2 ð3Þ

It is important to remark that

. the condition (3) is a sufficient and necessary
condition for the relay delayed stabilization (see
Fridman et al. 2002);

. the size of the domain of stabilization is propor-
tional to the control gain.

Fridman et al. (2002) proposed the following algorithm
for controlling the motion amplitudes: since after finite
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time all solutions coincide with the periodic solution,
one can extrapolate the next zero for the periodic sol-
ution, and reduce the control gain near to the periodic
solution zero. This algorithm needs the knowledge of the
sign of the state variable with delay only but requires
stabilization condition (3) to hold. This algorithm is valid
for any constant delay satisfying condition (3) and does
not depend on the delay value. Stabilization condition (3)
and algorithm for stabilization was generalized by
Shustin et al. (2003) to the case of second-order relay
delay systems.

A relay delay controller proposed in this paper needs
information only about amplitude of oscillations with
delay. Stabilization properties of the proposed algor-
ithm are based on estimations of oscillations amplitude.
Relay control algorithms present with two main advan-
tages:

(a) Robustness with respect to uncertainties in the
time delay.

Proposed relay delay controller suppresses uncertainty
in the time delay in following sense: once being designed
for the upper bound of uncertainty in the time delay for
a given system, this controller ensures the stabilization
of this system for any values of the time delay less than
the upper bound, even in the case when the delay is
variable.

(b) Design of relay delay controllers for the multi-
input multi-output (MIMO) case.

The proposed relay delay algorithm does not use the
periodicity of solutions. It allows us to generalize the
stabilization condition (3) and to design the relay
delay controller for unstable MIMO systems.

The paper is organized as follows. The properties of
the relay delay controller for the simplest scalar case are
introduced in } 2. In } 3 a modification of the control
algorithm is suggested for systems having two unstable
complex conjugate roots. In } 4 a notion of " stabiliz-
ation specifying the properties of the relay delay con-
trollers for the general case is introduced. The algorithm
for " stabilization for single-input single-output (SISO)
systems with unstable eigenvalue is suggested in } 5. In } 6
this algorithm is generalized for MIMO systems having
real unstable eigenvalues. This algorithm is generalized
for arbitrary controllable MIMO system. In } 8 the
proposed algorithm is used for the relay delay control
of inverted pendulum.

2. Scalar case

Consider the problem of the oscillations stabilization
for the scalar unstable system

_xx ¼ �xþ f ðx; tÞ þ u

with the help of the relay delayed control u ¼
�p sign½xðt� hðtÞÞ�; where hðtÞ is a continuous bounded
time delay function satisfying the inequality 0 < hðtÞ �
h0 for all t � 0; and 0 � �h0 < L ¼ ln 2: Then the
equation describing the behaviour of the control system
has the form

_xx ¼ �xþ f ðx; tÞ � p sign½xðt� hðtÞÞ� ð4Þ
with the initial conditions

xðtÞ ¼ ’ðtÞ; ’ 2 C½�h0; 0� ð5Þ
Fridman et al. (2002) have shown that in such a system
there exists a countable set of periodic solutions and all
other solutions to (4) and (5) after a finite time will
coincide with one of the periodic solutions. This means
that the stabilization in the usual sense cannot be
achieved. Let us describe a special type of stabilization
taking place in the relay delayed systems.

Choose and fix " > 0.

Problem statement: Try to find 
 > 0; p > 0 such that
for all

’ðtÞ: j’ð0Þj < 


the solution xðtÞ of the Cauchy problem (4) and (5)
satisfies the inequality jxðtÞj < ", ð0 < t <1Þ:

When the solution of this problem exists we will
say the system (4) is "-stable and we have achieved "-
stabilization of system (4).

Algorithm of e-stabilization:

(1) Choose and fix " > 0.

(2) Suppose that f ðx; tÞ is an uncertainty and we can
find K > 0 such that jf ðx; tÞj < K" for all jxj � ".

(3) Let

h0 < min
L

�þ K ;
1

�
ln

2�þ 4K

�þ 4K

� �

(4) Let 
 ¼ "ðð2 � e�h0Þ=2e�h0Þ, p ¼ ð�þ KÞ".

The "-stabilization of the trivial solution to the
system (4) for this choice of parameters is proved in
}A.1 of the Appendix.

3. Two-dimensional system with unstable complex

conjugate eigenvalues

Consider the case, when the control system is of
second order and has unstable complex eigenvalues. In
this case the system is of the form

_xx ¼ �x� �yþ u1 þ f1ðx; y; tÞ
_yy ¼ �yþ �xþ u2 þ f2ðx; y; tÞ

�
ð6Þ

where xðtÞ, yðtÞ 2 R, �; � are real numbers, u1; u2 are the
real controls, f1ðx; y; tÞ, f2ðx; y; tÞ are uncertainties,
� 6¼ 0; � > 0.
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Let

u1 ¼ �p1 sign½xðt� hðtÞÞ cosð�h0Þ � yðt� hðtÞÞ sinð�h0Þ�

and

u2 ¼ �p2 sign½xðt� hðtÞÞ sinð�h0Þ þ yðt� hðtÞÞ cosð�h0Þ�

Now the behaviour of system (6) is described by Cauchy
problem

_xx ¼ �x� �y� p1 sign½xðt� hðtÞÞ cosð�h0Þ

� yðt� hðtÞÞ sinð�h0Þ� þ f1ðx; y; tÞ
_yy ¼ �yþ �x� p2 sign½xðt� hðtÞÞ sinð�h0Þ

þ yðt� hðtÞÞ cosð�h0Þ� þ f2ðx; y; tÞ

9>>>>>=
>>>>>;

ð7Þ

xðtÞ ¼ x0ðtÞ; yðtÞ ¼ y0ðtÞ; �h0 � t � 0: ð8Þ

Our goal is to find the parameters p1 and p2; such that

from the inequality
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2

0ðtÞ þ y20
q

ðtÞ � "=2 it follows thatffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2ðtÞ þ y2ðtÞ

q
� " ð0 � t � 1Þ ð9Þ

Algorithm of e-stabilization:

(1) Choose and fix " > 0.

(2) Suppose that there exists K > 0 such thatffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f 21 ðx; y; tÞ þ f 22 ðx; y; tÞ

q
< K"

for all x; y:
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
< ".

(3) Suppose that h0 < �=4ð2K þ �Þ: Let us denote as

M ¼ max
t2½0;�=4�ð2Kþ�Þh0�

1
2
t cosðtþ ð2K þ �Þh0 þ �=4Þ

Assume that h0 <M=ð�þ KÞ:
(4) Choose 
 ¼ "=2 and p1 ¼ p2 ¼ ð

ffiffiffi
2

p
=4Þ�0",

where �0 2 ð0; ð�=4h0Þ � 2K � �Þ: �þ K <
�0 cosð�0h0 þ ð2K þ �Þh0 þ �=4Þ=2:

The "-stabilization of the trivial solution to the
system (6) for this choice of parameters 
; p1 and p2 is
proved in }A.2 of the Appendix.

Remark 1: Let Fð Þð�1 <  <1Þ be the 2�-
periodic piece-wise constant function determined in the
interval ½0; 2�Þ as

Fð Þ ¼

ei�=4 for 0 �  < �=2

ei3�=4 for �=2 �  < �

ei5�=4 for � �  < 3�=2

ei7�=4 for 3�=2 �  < 2�

8>><
>>:

Suppose that z ¼ xþ iy, where x; y are real numbers.
Then equation (6) may be rewritten in the form

_zz ¼ ð�þ i�Þz� �0"

2
Cð� þ argðzðt� hðtÞÞÞÞ þ f ðz; tÞ

ð10Þ

where

f ðz; tÞ ¼ f1
zþ �zz

2
;
z� �zz

2i
; t

 �
þ if2

zþ �zz

2
;
z� �zz

2i
; t

 �

Here we have used

cosðarg zðt� hðtÞÞÞ

¼ xðt� hðtÞÞ½x2ðt� hðtÞÞ þ y2ðt� hðtÞÞ��1=2

sinðarg zðt� hðtÞÞÞ

¼ yðt� hðtÞÞ½x2ðt� hðtÞÞ þ y2ðt� hðtÞÞ��1=2

expi�=4 ¼ 2�1=2 þ i2�1=2; . . .

4. Problem statement

Consider the system

dx

dt
¼ Axþ Buðt� hðtÞÞ þ f ðx; tÞ ð11Þ

where x 2 Rn; u 2 Rm; A;B are real matrices, hðtÞ; 0 <
hðtÞ � h0 is a continuous function describing uncertain-
ties in the time delay, u 2 Rm is the relay control vector,
and f ðx; tÞ is continuous on t and smooth on x corre-
sponding to the presence of an uncertainty in the model
of the plant. Suppose that the system (11) consists of an
input or output time delay and the matrix A has char-
acteristic roots with positive real part.

In this paper we will find the relay controller of the
form

uðt� hðtÞÞ ¼ FðsignS1ðxðt� hðtÞÞ; . . . ;

signSkðxðt� hðtÞÞÞÞ;

S ¼ ðS1;S2; . . . ;SkÞT

and the pair ðS;FÞ belongs to the class of smooth func-
tions Q transforming S : Rn ! Rk;F :Rk ! Rm: Let us
denote as xðtÞ the solution to the system (11) with initial
conditions

xðtÞ ¼ ’ðtÞ; ð�h0 � t � 0Þ

Definition 1: The zero solution to the system (11) is
said to be "-stabilizable, if for any " > 0 there exist

 > 0 and the relay delay control uðt� hðtÞÞ such that
from the inequality k’ð0Þk < 
 it follows that

sup
t2½0;1�

kxðtÞk < "

Remark 2: It is necessary to note that S and F could
not depend on " > 0:
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5. e-Stabilization of SISO systems

Consider a SISO system of the form

_xx ¼ Axþ buþ f ðx; tÞ ð12Þ

where b ¼ ðb1; b2; . . . ; bnÞT, u is a scalar control and
f ðx; tÞ is uncertainty.

Suppose that

(1) f ðx; tÞ is the matching uncertainty and
f ðx; tÞ ¼ bgðx; tÞ,

(2) the pair fA; bg is controllable, and consequently
the vectors fb;Ab; . . . ;An�1bg are linearly inde-
pendent.

Denote by ’Að�Þ ¼ �n þ �1�
n�1 þ � � � þ �n the char-

acteristic polynomial of the matrix A. Let us introduce
the controllability basis into Rn as

e1 ¼ An�1bþ �1A
n�2bþ � � � þ �n�1b

e2 ¼ An�2bþ �1A
n�3bþ � � � þ �n�2b

..

.

en�1 ¼ Abþ �1b

en ¼ b

System (12) in this basis takes the form

_yy1 ¼ y2

_yy2 ¼ y3

..

.

_yyn ¼ ��ny1 � �n�1y2 � � � � � �1yn

þ uðt� hðtÞÞ þ gðx; tÞ

9>>>>>>>>>=
>>>>>>>>>;

ð13Þ

and it is possible to rewrite the systems (12) and (13) in
the form of the nth order equation

y
ðnÞ
1 þ �1y

ðn�1Þ
1 þ � � � þ �ny1 ¼ uþ gðx; tÞ ð14Þ

Assume that (i) the characteristic equation of the matrix
A: ’Að�Þ ¼ 0 has only one positive root �1 2 ð0; ln 2Þ,
and the other roots of this equation have negative real
part.

In such a case the polynomial ’Að�Þ becomes

’Að�Þ ¼ ð�� �1Þ ð�Þ;

where the polynomial

 ð�Þ ¼ �n�1 þ �n�1�
n�2 þ � � � þ �1

has only roots with negative real part. Then for equation
(14) one has the differential equation

d

dt
� �1

 �
 

d

dt

 �
y1 ¼ uþ gðx; tÞ

Suppose that

zðtÞ ¼  
d

dt

 �
y1

¼ y
ðn�1Þ
1 ðtÞ þ �n�1y

ðn�2Þ
1 ðtÞ þ � � � þ �1y1ðtÞ

For zðtÞ we will have the scalar equation

d

dt
z ¼ �1zþ uþ gðx; tÞ; �1 2 ð0; ln 2Þ

From } 2 it follows that the trivial solution of the equa-
tion _zz ¼ �1z is "-stabilizable with control

u ¼ �p sign zðt� hðtÞÞ
The corresponding control law for equation (14) has the
form

u ¼ �p signfYg
where Y ¼ y

ðn�1Þ
1 ðt� hðtÞÞ þ �n�1y

ðn�2Þ
1 ðt� hðtÞÞ þ � � � þ

�1y1ðt� hðtÞÞ: Returning to the state variables y1; y2;
. . . ; yn we obtain

_yy1 ¼ y2

_y2y2 ¼ y3

..

.

_ynyn ¼ ��ny1 � �n�1y2 � � � � � �1yn þ gðx; tÞ
� p signfY�g

where

Y� ¼ �1y1ðt� hðtÞÞ þ �2y2ðt� hðtÞÞ

þ � � � þ �n�1yn�1ðt� hðtÞÞ þ ynðt� hðtÞÞ

Let us denote as P the matrix used to transform the
basis fhjg ¼ ð0; . . . ; 1; . . . ; 0Þ into the basis fe1; . . . ; eng:
Then for the initial variables x ¼ P�1y one has

_xx ¼ Ax� pb signf�Txðt� hðtÞÞg þ f ðx; tÞ
where � ¼ P��, �T ¼ ð�1; �2; . . . ; �n�1; 1Þ.

Theorem 1: The zero solution of system ð12Þ under as-
sumption ðiÞ is " stabilizable with the control law

u ¼ �p signð�;xðt� hðtÞÞÞ
The algorithm for "-stabilization will be defined in

the next section for one more general case.

6. e-stabilization of MIMO systems in real case

Consider the initial system (11) in the general case

u 2 Rm; 1 < m < n; B ¼ ðb1; b2; . . . ; bmÞ; ðbj 2 RnÞ

Suppose that:

(1) f ðx; tÞ ¼ Bgðx; tÞ and

gðx; tÞ ¼ ðg1ðx; tÞ; g2ðx; tÞ; . . . ; gmðx; tÞÞT
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(2) the pair fA;Bg is controllable,

(3) for every j ¼ 1; 2; . . . ;m the vectors bj;Abj;
. . . ;Anj�1bj; are linearly independent, and
vectors Anjbj are linear combination of the
vectors

bj;Abj; . . . ;A
nj�1bj

Then the space

Ej ¼ Spanfbj;Abj; . . . ;Anj�1bjg

is the invariant space for the matrix A; and the pair
fA; bjg is controllable into the Ej: Suppose that
Ei \ Ej ¼ 1 ði 6¼ jÞ; and

Rn ¼ E1 � E2 � � � � � Em
Let us denote by ’jð�Þ ¼ �nj þ �1j�

nj�1 þ � � � þ �nj the
characteristic polynomial of matrix Aj ¼ AjEj . Suppose
that for Aj and ’j assumption (i) is true. This means that
in each Ej we can choose the canonical basis in the form

e1j ¼ Anj�1bj þ �1jA
nj�2bj þ � � � þ �nj jbj

..

.

enj j ¼ bj

Then for the pair fAj; bjg into the Ej one has

Aj ¼

0 1 0 0 � � � 0

0 0 1 0 � � � 0

� � � � � � � � � � � � � � � � � �
��nj j ��nj�1j ��nj�2j ��nj�3j � � � ��1j

0
BBB@

1
CCCA

b0j ¼ ð0; 0; . . . ; 0; 1ÞT: The matrix A in such case has the
block diagonal form A ¼ diagfA1;A2; . . . ;Amg; and
B ¼ ðb01; b02; . . . ; b0mÞT: The system (11) has the following
block form

_yy1j ¼ y2j; _yy2j ¼ y3j; . . . ; _yynj�1j ¼ ynj j

_yynj j ¼ ��nj jy1j � � � � � �1jynj j þ uj þ gjðx; tÞ

Taking into account that �j is a root of the polynomial
’jð�Þ; one can suppose that

’jð�Þ ¼ ð�� �jÞ½�nj�1 þ �j1�
nj�2 þ � � � þ �jn�1� ð15Þ

�j1 ¼ �j1 � �j ; �j2 ¼ �j2 � �j�j1; . . . ð16Þ

�jnj�1 ¼ �jnj�1 � �j�jnj�2; �jnj ¼ ��j�jnj�1

Substituting (16) into (15), we obtain

_yy1j ¼ y2j; _yy2j ¼ y3j ; . . . ; _yynj�1j ¼ ynj j ð17Þ

_yynj ¼ �j½�jnj�1y1j þ �jnj�2y2j þ � � � þ ynj j �

�f�jnj�2y2j þ � � � þ �j1ynj jgþujþgjðx; tÞ

Multiplying the first equation of the system (17)
by �jnj�1; the second equation by �jnj�2; . . . and the

ðnj � 1Þth equation by �j1, and adding the result, to
the last one, we obtain

_zzj ¼ �jzj þ uj þ gjðx; tÞ

where zj ¼ �jnj�1y1j þ �jnj�2y2j þ � � � þ ynj j:
Now it is possible to rewrite the system (17) in the

form

_�yy�yy ¼ Aj0�yyþ bzjðtÞ; _zzj ¼ �jzj þ uj þ gjðx; tÞ

Aj0 ¼

0 1 0 � � � 0

0 0 1 � � � 0

� � �
0 0 0 � � � 1

��jnj�1 � � � � � � � � � ��j1

0
BBBBBBB@

1
CCCCCCCA

where b ¼ ð0; 0; . . . ; 1ÞT, uj ¼ �pj sign zjðt� 1Þ. The
matrix A0 is stable.

Returning to initial system (15), we will have

_xx ¼ Axþ B

�p1 signðP��1; xðt� hðtÞÞÞ
�p2 signðP��2; xðt� hðtÞÞÞ

� � �
�pm signðP��m; xðt� hðtÞÞÞ

0
BBBB@

1
CCCCAþ f ðx; tÞ

�1 ¼

�11

�12

..

.

�1n1�1

0

..

.

0

0
BBBBBBBBBBBBB@

1
CCCCCCCCCCCCCA
; �2 ¼

0

..

.

0

�21

�22

..

.

�2n2�1

0

..

.

0

0
BBBBBBBBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCCCCCCCA

; . . .

where �j� are the coefficients of ’jð�Þ and P is the matrix
used to transform the basis fhjg ¼ ð0; . . . ; 1; . . . ; 0Þ into
the basis feijg:

Theorem 2: Suppose that the matrix A has the simple
eigenvalues with positive

�1; �2; . . . ; �l 2 ð0;LÞ; L ¼ lnð2Þ
The remaining eigenvalues of matrix A have negative real
part.

Then the zero solution of system ð11Þ is "-stabilizable.

Algorithm of e-stabilization:

(1) Choose and fix " > 0.

(2) Let there exist K > 0: kgðx; tÞk < K" for all
kxk � ".
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(3) Let Ci; �i be such that

keA
i
0tk < Ci e��i t

(4) Assume that

"i <
"

kP�1km
min

1

2
;
�i
3Ci

� �
; Ki ¼ K"="i

(5) Suppose that

h0 < min
L

�i þ Ki
;
1

�i
ln

2�i þ 4Ki
�i þ 4Ki

� �

(6) Let


 < "i
2 � e�ih0
2kPke�ih0

and p ¼ ð�i þ KiÞ"i

7. e-Stabilization of MIMO system in general case

Assume that the spectrum �ðAÞ of the matrix A con-
sists of two parts

�ðAÞ ¼ �þ [ ��
where �þ and �� are the sets of eigenvalues of the matrix
A with positive and negative real part respectively. Then
the state space E ¼ Rn could be represented in the form
E ¼ Eþ � E�, where Eþ and E� are the invariant sub-
spaces with respect to A. Consider two projectors P and
Q, transforming

P:Rn ! Eþ; Q:Rn ! E�

Denoting y ¼ Px, z ¼ Qx one can rewrite system (11) in
the form

_yy ¼ Aþyþ Bþuþ f1ðx; tÞ
_zz ¼ A�zþ B�uþ f2ðx; tÞ

)
ð18Þ

where y 2 Eþ, z 2 E�, Aþ ¼ PA, A� ¼ QA, Bþ ¼ PB ¼
ðbþ1 ; bþ2 ; . . . ; bþmÞ, B� ¼ QB, f1ðx; tÞ ¼ Pf ðx; tÞ, f2ðx; tÞ ¼
Qf ðx; tÞ.

Suppose that rankBþ ¼ dimEþ ¼ k: This means
that the vectors fbþj gð j ¼ 1; kÞ are linearly independent,
and that following representation holds

Ahi ¼ �ihi; hi ¼ s1ib
þ
1 þ s2ibþ2 þ � � � þ skibþk ; i ¼ 1; l

Aþhlþ2j�1 ¼ �jhlþ2j�1 � �jhlþ2j;

Aþhlþ2j ¼ �jhlþ2j�1 � �jhlþ2j

hlþ2j�1 ¼ s1lþ2j�1b
þ
1 þ s2lþ2j�1b

þ
2 þ � � � þ sklþ2j�1b

þ
k

hlþ2j ¼ s1lþ2jb
þ
1 þ s2lþ2jb

þ
2 þ � � � þ sklþ2jb

þ
k

j ¼ 1; �

where l þ 2� ¼ k. Let us design the control u as

u ¼ S0 0
0 0

 �
�

where the matrix S0 consisting of fsijg coefficients
that represents the eigenvectors of the matrix Aþ in
the basis bþ1 ; . . . ; b

þ
k : The function � ¼ ð�1ðyðt� hðtÞÞÞ;

�2ðyðt� hðtÞÞÞ; . . . ; �kðyðt� hðtÞÞÞ; 0; . . . ; 0ÞT will be
defined below. Denote by BþS0 ¼ ðh1; h2; . . . ; hk;
0; . . . ; 0Þ ¼ ðT ; 0Þ. Substituting the variables v ¼ T�1y
into (18), we will have

_vv ¼ Dþvþ ðIk 0Þ�þ T�1f1ðx; tÞ
_zz ¼ A�zþ B�uþ f2ðx; tÞ

)
ð19Þ

where

Dþ ¼

�1 0 � � � � � � � � � � � � � � � 0

� � � � � � � � � � � � � � � � � � � � � � � �
0 � � � �l 0 � � � � � � � � � 0

0 � � � 0 �1 ��1 0 � � � 0

0 � � � 0 �1 �1 0 � � � 0

� � � � � � � � � � � � � � � � � � � � � � � �
0 � � � � � � � � � � � � 0 �� ���
0 � � � � � � � � � � � � 0 �� ��

0
BBBBBBBBBBBBB@

1
CCCCCCCCCCCCCA

Let us design �ðvðt� hðtÞÞÞ in the form

�iðvðt� hðtÞÞÞ ¼ �pi signðviðt� hðtÞÞÞ;

i ¼ 1; 2; . . . ; l ð20Þ

�lþ2j�1ðvðt� hðtÞÞÞ ¼ �plþ2j�1 signðvlþ2j�1ðt� hðtÞÞ cos�j
� vlþ2jðt� hðtÞÞ sin �jÞ ð21Þ

�lþ2jðvðt� hðtÞÞÞ ¼ �plþ2j signðvlþ2j�1ðt� hðtÞÞ sin �j
þ vlþ2jðt� hðtÞÞ cos�jÞ ð22Þ

j ¼ 1; 2; . . . ; �

Now one can conclude that the system (19) is "-stabiliz-
able and finally we will have

_xx ¼ Axþ B
S0 0

0 0

 �
�ðPxðt� hðtÞÞÞ þ f ðx; tÞ ð23Þ

Remark 3: Let us write the projectors as

Px ¼
Xk
i¼1

ðx; giÞhi

Qx ¼ x� Px

where h1; h2; ::; hk are the eigenvectors of the matrix A
and gi are found in Appendix A.3.

Let us have the basis

ej ¼ ð�j1; �j2; . . . ; �jnÞT; j ¼ 1; . . . ; n
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in Rn: Let us introduce the new basis into Rn as

�eei ¼ ei; ði ¼ 1; kÞ
�eekþj ¼ Qekþj; ð j ¼ 1; n� kÞ

The matrix transforming the old basis fhig into the
new basis feig has the form

G ¼

�11 �21 � � � �k1 �kþ1 1 �
Pk

i¼1 �i1ðekþ1; giÞ � � �
�12 �22 � � � �k2 �kþ1 2 �

Pk
i¼1 �i2ðekþ1; giÞ � � �

� � � � � � � � � � � �
�1n �2n � � � �kn �kþ1 n �

Pk
i¼1 �inðekþ1; giÞ � � �

0
BBB@

1
CCCA

and

J ¼ G�1AG ¼ Dþ 0

0 A�

 !

In this case the following representation holds

PB

QB

 �
¼ Bþ

B�

 !
¼ Bþ

0 Bþ
1

B�
0 B�

1

 !

where Bþ
0 � k� k, Bþ

1 � k�m� k, B�
0 � n� k� k,

B�
1 � n� k�m� k and detðBþ

0 Þ 6¼ 0. Then system (23)
can be rewritten

_xx ¼ Axþ B ½Bþ
0 �

�1 0

0 0

 !
�ðPxðt� hðtÞÞÞ þ f ðx; tÞ

ð24Þ

Algorithm of e-stabilization:

(1) Choose and fix " > 0.

(2) Let there exists K > 0: k f ðx; tÞk < K" for all x:
kxk < ".

(3) Let

"i <
"

2ðl þ 2�Þkhik
; Ki ¼

Kkgik � khik
2ðl þ 2�Þ

(4) Assume that

h0 < min
L

�i þ Ki
;
1

�i
ln

2�i þ 4Ki
�i þ 4Ki

� �
; i ¼ 1; l

h0 <
�

4ð2Klþ2j þ �jÞ
; j ¼ 1; �

Moreover suppose that for

Mj ¼ max
0�t��=4�ð2Klþ2jþ�jÞh0

1
2
t cosðtþð2Klþ2j þ �jÞh0þ�=4Þ

� �

the inequality h0 <Mj=ð�þKlþ2jÞ, j ¼ 1; � holds.
(5) Let


 <
"ið2 � e�ih0Þ
2kgike�ih0

and pi ¼ ð�i þ KiÞ"i for i ¼ 1; k.

(6) Let 
 < "lþ2j=2 and

plþ2j�1 ¼ plþ2j ¼
�0
j

ffiffiffi
2

p

4
"lþ2j

�0
j 2 0;

�

4h0
� 2Klþ2j � �j

 �
:�j þ Klþ2j

< �0
j cosð�0

jh0 þ ð2Klþ2j þ �Þh0 þ �=4Þ=2; j ¼ 1; �

(7) Let C; � > 0 be such that both

keA
�tk � Ce��t

and

� > 4
C

"
ðkB�

0 j � k½Bþ
0 �

�1k � k�ppk þ kGkKÞ max
j¼kþ1;n

kejk

�pp ¼ ðp1; p2; . . . ; pkÞT hold.

8. Relay delay control inverted pendulum

Consider the problem of an inverted pendulum
stabilization via relay delayed control. The model of
the pendulum has the form

€��þ k _��� p sinð�Þ ¼ uðt� hðtÞÞ þ f ð�; _��; tÞ ð25Þ
where � is an inclination angle, k is a friction coefficient,
p ¼ g=l; where l is a length of pendulum, hðtÞ is time
delay, f ð�; _��; tÞ is an uncertainty. Linearizing (25) we
will have

€��þ k _��� p� ¼ uðt� hðtÞÞ þ gð�; _��tÞ
The characteristic equation has two real roots of oppo-
site signs

�1 ¼ 1
2
ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þ 4p

p
� kÞ

�2 ¼ 1
2
ð�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þ 4p

p
� kÞ

Assume that 0 < �1h0 < ln 2. In this case the equation
(25) can be rewritten in the form

d

dt
� �1

 �
d

dt
� �2

 �
� ¼ uðt� hðtÞÞ þ gð�; _��; tÞ

Denoting z ¼ _��� �2� we will have

_zz ¼ �1zþ uðt� hðtÞÞ þ gð�; tÞ
Let us design the controller in the form

u ¼ �q sign½zðt� hðtÞ�
Returning to the original system (25), we will have

€��þ k _��� p sinð�Þ
¼ �q sign½ _��ðt� hðtÞÞ � �2�ðt� hðtÞÞ� þ f ð�; _��; tÞ

Consider the case when

€��þ 2:9 _��� 0:3 sinð�Þ ¼ uðt� hðtÞÞ þ 0:003 sinðtÞ ð26Þ
u ¼ �q signð _��ðt� hðtÞÞ þ 3�ðt� hðtÞÞ

�ðtÞ ¼ 0:01 sinðtÞ ð27Þ
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_��ðtÞ ¼ 0:01 cosðtÞ for t 2 ½�h0; 0� ð28Þ
If the upper bound of the time delay is h0 ¼ 5; then for
the system (26)–(28) conditions of the Theorem 1 hold.
The relay delayed control law ensuring " of the inverted
pendulum (26)–(28) takes the form

u ¼ �1:3" signð _��ðt� hðtÞÞ þ 3�ðt� hðtÞÞÞ ð29Þ
Figures 1–3 are illustrating the results of implementation
of delayed relay control law (29) in the system (26)–(28)

for constant delay hðtÞ � 5 and " ¼ 0:1. Figures 4–6

show the behaviour of the pendulum (26)–(28) for

hðtÞ ¼ 3 þ 2 sinð70tÞ. This confirms the main property

of delayed relay controller: once being designed for the

upper bound of uncertainty in the time delay hðtÞ � 5

for a given system, this controller ensures the stabiliz-
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Figure 1. Inclination angle � ðhðtÞ � 5Þ.

Figure 2. Angular speed _�� ðhðtÞ � 5Þ.

Figure 3. Relay control law u ðhðtÞ � 5Þ.

Figure 4. Inclination angle � ðhðtÞ ¼ 3þ 2 sinð70tÞÞ.

Figure 5. Angular speed _�� ðhðtÞ ¼ 3þ 2 sinð70tÞÞ.

Figure 6. Relay control law u ðhðtÞ ¼ 3 þ 2 sinð70tÞÞ.



ation of this system for the variable delay hðtÞ ¼
3 þ 2 sinð70tÞ.

9. Conclusions

In this paper the possibilities of stabilization for
unstable control system via relay delay control are dis-
cussed. The concept of " stabilization characterizing
specific features of relay delay systems is formulated. A
sufficient condition for such a kind of relay delayed
stabilization are found relating the upper bound of uncer-
tainty in the time delay and the maximum of the real part
of the system spectrum. The algorithm of the relay delay
control allowing to achieve " stabilization is suggested.
Obtained results are illustrated on the example of the
relay delay stabilization for the inverted pendulum.

This allows us to conclude the following:

1. Time delay does not allow us to realize the ideal
sliding mode, but implies oscillations in the space
of state variables. Nevertheless, relay delay con-
trollers allow us to achieve stabilization of the
amplitude of oscillations, and suppress uncertain-
ties in the time delay in the following sense: once
being designed for the upper bound of an uncer-
tainty in the time delay for a given system this relay
delayed control law ensures stabilization for any
values of the time delay less than the upper bound
even in the case when the delay is variable.

2. Proposed algorithm allows to achieve only local
stabilization and should be extended in order to
achieve non-local or semiglobal stabilization.

Appendix

A.1. Proof of "-stabilization for the scalar case

Let us show that choosing p and h0 we ensuring the
"-stabilization for system (4). Let us suppose by contra-
diction that it is not true. Then there exists such T > 0
that jxðTÞj ¼ "; but jxðtÞj < " for all t 2 ½0;TÞ: In this
case there exists a time moment t� 2 ð0;TÞ such that
jxðt�Þj ¼ 
 and 
 < jxðtÞj < " for all t 2 ðt�;TÞ.

Let xðt�Þ ¼ 
 and xðTÞ ¼ ". Let us show that
T � t� > h0

_xx � �xþ f ðx; tÞ þ p � �xþ pþ K"

xðt�Þ ¼ 


Then

xðTÞ ¼ " � 
 þ pþ K"
�

"

 �
e�ðT�t

�Þ � pþ K"
�

"

Hence, the inequality

e�ðT�t
�Þ >

�þ p"þ K
�ð
="Þ þ p"þ K > e�h0

implies the inequality T � t� > h0. Now for all
t 2 ½t� þ h0;T � we have sign½xðt� hðtÞÞ� ¼ 1 and

_xxðtÞ � �x� pþ f ðx; tÞ < ð�þ KÞ"� p ¼ 0

Hence, xðtÞ is decreasing function in the interval
½t� þ h0;T �. This means that equality xðTÞ ¼ " will
never achieved.

Another case could be proved analogously.

A.2. Proof of "-stabilization for the complex case

Proof: Let us introduce the polar coordinates in the
equation (10) by formula z ¼ �ðtÞ exp i’ðtÞ. Then

�0 ei’ðtÞ þ i’0ðtÞ�ðtÞ ei’ðtÞ

¼ ð�þ i�Þ�ðtÞ ei’ðtÞ � 1
2
�0Fð�h0 þ ’ðt� hðtÞÞÞ

þ f ðz; tÞ ð30Þ

where

Fð�h0 þ ’ðt� hðtÞÞÞ ¼
ffiffiffi
2

p

2
ðsign½cosð’ðt� hðtÞÞ þ �h0Þ�

þ i sign½sinð’ðt� hðtÞÞ þ �h0Þ�Þ

The function F has only four values: ei�=4, ei3�=4,
ei5�=4, ei7�=4. Moreover, the value of Fð�h0þ ’ðt� hðtÞÞÞ
depends from �h0 þ ’ðt� hðtÞÞ only. Denote

Fð�h0 þ ’ðt� hðtÞÞÞ ¼ eikðtÞ ð31Þ

where

��=4 þ 2�l � kðtÞ � ’ðt� hðtÞÞ � �h0 � �=4 þ 2�l

ð32Þ

l is the integer number. Substituting (30) into (7) we get

�0 þ i’0� ¼ ð�þ i�Þ�� 1
2�

0 eiðkðtÞ�’ðtÞÞ þ qðtÞ eið ðtÞ�’ðtÞÞ

ð33Þ

where f ðz; tÞ ¼ qðtÞ ei ðtÞ.
In other words we have

�0 ¼ ��� 1
2
"�0 cosðkðtÞ � ’ðtÞÞ

þ qðtÞ cosð ðtÞ � ’ðtÞÞ ð34Þ

’0 ¼ � � 1
2
�0��1 sinðkðtÞ � ’ðtÞÞ

þ qðtÞ��1 sinð ðtÞ � ’ðtÞÞ ð35Þ

Let us show that this choice of initial conditions ensure
the "-stabilization for the system (6). Suppose that it is
not true. Then there exists the smallest positive root
t ¼ T of the equation �ðTÞ ¼ ". The inequality

jzðtÞj ¼ rðtÞ < "=2 ð�h � t � 0Þ
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implies existence such the last time moment t ¼ t� > 0
that �ðt�Þ ¼ "=2 and hence, we have �ðtÞ > "=2 ðt� <
t � TÞ or

1
2
��1ðtÞ < 1 ðt� < t � TÞ ð36Þ

Further

�0 � ��þ �0"=2; �ðt�Þ ¼ "=2 ðt� < t � TÞ ð37Þ
Hence

�ðTÞ ¼ " � "

2
ð1þ �0��1Þ e�ðT�t

�Þ � 1

2
�0��1"; ðt� � t � TÞ

This implies

T� � t� > 1

�
ln

2�þ �0

�þ �0

 �
ð38Þ

Since �0 < �ð2 � e�h0Þðe�h0 � 1Þ�1; it is easy to show
that T� � t� > h0.

To study the term cos½kðtÞ � ’ðtÞ� in the right hand
side of (35) we should integrate the equation (35) on the
interval ½t� hðtÞ; t�; t 2 ½t� þ h0;T �: It is easy to see that

’ðtÞ ¼ ’ðt� hðtÞÞ þ �hðtÞ � �0�ðtÞ þ �ðtÞ ð39Þ
where

�ðtÞ ¼ "

2

ðt
t�hðtÞ

��1ð�Þ sin½kð�Þ � ’ð�Þ� d� ð40Þ

�ðtÞ ¼
ðt
t�hðtÞ

qð�Þ��1ð�Þ sin½ ð�Þ � ’ð�Þ� d� ð41Þ

Obviously

j�ðtÞj � h0 and j�ðtÞj < 2Kh0 ð42Þ
Now substituting (39) into (34) we have

�0 ¼ ��� "

2
�0 cos½kðtÞ � ’ðt� hðtÞÞ � �hðtÞ

þ �0�ðtÞ þ �ðtÞ� þ qðtÞ cosð ðtÞ � ’ðtÞÞ ð43Þ

From (32) and (42) we obtain

cos½kðtÞ � ’ðt� hðtÞÞ � �h0 þ �ðh0 � hðtÞÞ þ �0�ðtÞ

þ�ðtÞ� � cosðð�0 þ 2K þ �Þh0 þ �=4Þ ð44Þ

Hence, for t 2 ½t� þ h0;T �

%0 � ��� �0 "

2
cosðð�0 þ 2K þ �Þh0 þ �=4Þ þ K"

� " �þ K � �

2
cosðð�0 þ 2K þ �Þh0 þ �=4Þ

h i
< 0

That is why equality �ðTÞ ¼ " cannot be achieved for
t ¼ T because t ¼ T is the smallest positive root of this
equation. &

A.3. Structure of projectors

Consider the conjugate matrix A� and suppose that
f1; f2; . . . ; fk are the eigenvectors of A�

A�fi ¼ �i fi; ði ¼ 1; lÞ
and

A�flþ2j�1 ¼ �j flþ2j�1 þ �j flþ2j

A�flþ2j ¼ ��j flþ2j�1 þ �j flþ2j

Let us introduce the vectors gi

gi ¼
fi

k fik
; ði ¼ 1; lÞ

glþ2j�1 ¼ cj11 flþ2j�1 þ c j12 flþ2j

glþ2j ¼ c j21 flþ2j�1 þ c j22 flþ2j

ð j ¼ 1; �Þ
where

c j11 ¼
k flþ2jk2

k flþ2j�1k2k flþ2jk2 � ð flþ2j�1; flþ2jÞ2

c j12 ¼ c j21 ¼
ð flþ2j�1; flþ2jÞ

k flþ2j�1k2k flþ2jk2 � ð flþ2j�1; flþ2jÞ2

c j22 ¼
k flþ2j�1k2

k flþ2j�1k2 � k flþ2jk2 � ð flþ2j�1; flþ2jÞ2

Now it is easy to show that the projector P could be
rewritten in the form

Px ¼
X
i¼1

kðx; giÞhi

where h1; h2; . . . ; hk are eigenvectors of the matrix A.
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