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The problem of the realization of integral sliding mode controllers based only on output
information is discussed. The implementation of an output integral sliding mode controller
ensures insensitivity of the state trajectory with respect to the matched uncertainties from
the initial time moment. In the case when the number of inputs is more than or equal to
the number of outputs, the closed loop system, describing the output integral sliding mode
dynamics, is shown to lose observability. For the case when the number of inputs is less
than the number of outputs, a hierarchical sliding mode observer is proposed. The realization
of the proposed observer requires a filtration to obtain the equivalent output injections.
Assigning the first order low-pass filter parameter small enough (during this filter realization),
the convergence time and the observation error can be made arbitrarily small. The results

obtained are illustrated by simulations.

1. Introduction

1.1 Antecedents and motivation

Various areas of control, such as robotics or optimal
control, demand the compensation of arising
uncertainty effects. In this situation the special sliding
mode technique, namely, integral sliding mode (ISM),
seems to be useful, see, e.g., Utkin and Shi (1996). It
has two main properties: first, the ISM does not have
reaching phase; and second, resulting from the first
one, it ensures insensitivity of the desired trajectory
with respect to matched uncertainties starting from the
initial moment. These properties make attractive the
study of ISM, see, for example, Utkin ez al. (1999),
Basin et al. (2002a, b, 2003, 2005), Poznyak et al.
(2004), Shtessel et al. (2004), Fridman et al. (2005),
Xu et al. (2005), and Castanos and Fridman (2006).
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However, the main problem related to the implementa-
tion of this ISM concept is the requirement of the com-
plete knowledge of the state vector, including the initial
one. Obviously, when dealing with ISM and only output
(no states) information is available, it turns out to be
useless when being applied directly. Here, we present
a possible approach to the solution of this problem.
When only the output of a system is available, there
are two possibilities for sliding mode control design.
One is to use an output feedback control, i.e., design
a sliding surface using the output of the system in such
a way that the dynamics of the system, during the
corresponding sliding motion, has a property required
by the designer. This kind of controls can be seen in
Edwards and Spurgeon (1998), Sira-Ramirez and
Spurgeon (1996) and Bag et al. (1997). Another
possibility is to design an observer and with the follow-
ing use of the obtained estimates in a control law
instead of the real states of the system. To construct
an estimator, providing convergence of generated
estimates to real states, the corresponding sliding surface
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should be specially designed. There are two main meth-
ods for designing sliding mode observers: one is aimed
to get a zero tracking error between the outputs of the
plant and the observer to be constructed (see, e.g.,
Edwards and Spurgeon (1998), Utkin er al. (1999),
Edwards et al. (2002) and Sira-Ramirez and Fliess
(2004)); the other one is to design several sliding surfaces
to estimate the state step by step (Hashimoto ez al. 1990,
Barbot et al. 2003). Here we design a hierarchical obser-
ver which completely differs from the observers studied
in Hashimoto et al. (1990), Barbot et al. (2003) and
Barbot and Floquet (2004). We obtain a vector which
is the result of multiplying an observability matrix by
the state. Thus, at each k-level of the hierarchy we esti-
mate a sub-block of such vector and so on until we get
all the vector previously mentioned.

1.2 Main contribution

In this paper the OISM algorithm for uncertain linear
time invariant systems based only on the output infor-
mation is discussed. Some specific contributions are
enumerated below.

1. We design an ISM controller, using only output
information that compensates the matched uncertain-
ties from the initial time of the control process.

2. It is shown that when the number of inputs is
more than (or equal to) the number of outputs, the
corresponding ISM  dynamics always lose
observability and therefore the application of ISM,
based only on output information, is useless when
state estimation is required.

3. We propose a hierarchical sliding mode observer for
the case when the number of inputs is less than the
number of outputs. The observation error can be
made arbitrarily small for an arbitrary short time
by the adjustment of the parameters of the filter
required during the realization.

1.3 Structure of the paper

In section 2, the model description is presented and the
purpose of the control law is formulated. Section 3 is
devoted to the design of the OISM control and the
design of the observer. In §3.1 an output integral slid-
ing mode (OISM) controller rejecting the matched
uncertainty is proposed. Subsections 3.2 and 3.3 deal
with the observer design. Subsection 3.4 is related to
the realization of the observer. In §3.5, the algorithm
of design is formulated. A case of study related to an
optimal control is given in section 4. Section 5 deals
with some numerical illustrations. In Appendix A, it
is shown that if an OISM is used, and the number of
outputs is less than or equal to the number of inputs,

the nominal closed system becomes unobservable. In
Appendix B the conditions, in terms of 4, B and C,
under which the proposed observer can be carried
out, are formulated.

2. Model description and problem statement

2.1 Plant’s model

Let us consider a linear time invariant system with
uncertainties

x(1) = Ax(1) + Bu(t) + g(x, 1); x(0) = x° W
(1) = Cx(v),
where x(r) € R" is the state vector, u(¢) € R" is the con-
trol law and y(¢) € R? (1 < p < n) is the output of the
system. The pair {u(1), (1)} is assumed to be measurable
(available) for all time 7> 0. The current state x(¢) and
the initial state x(0) are supposed to be non-available.
A, B, C are known matrices of appropriate dimension
with rank B =m and rank C = p. All the solutions of
the dynamic systems are defined in Filippov’s sense
(Filippov 1988).
Throughout the paper we will assume the following.

1. The pair (4,B) is controllable and (A4,C) is
observable.

2. The plant (1) operates only under matched
uncertainties, that is,

g(x, 1) = By(x, 1)
with the function y(x, f) being bounded, that is,
ly(x, 0] < ¢.0:(0), 1) 2

3. The vector x° is supposed to be unknown but
belonging to a given ball, that is

2] < we A3)

4. rank(CB) =m

2.2 Control challenge

Let the nominal state be

Xo(1) = Axo(1) + Bug(t);  xo(0) = x° 4)



Output integral sliding mode control 445

Now, for the system (1), we design the control law u
to be

u=uy+u ®)
where the control uy € R™ is the ideal control designed

for the system (4) and u; € R™ is designed to compensate
the matched uncertainty g(x, t) from the initial time.

3. OISM control and design of the observer

This section deals first with the design of control u;.
Then, a hierarchical integral sliding modes (HISM)
observer is suggested and it is shown that the estimation
error can be made arbitrarily small for an arbitrary short
time by the adjustment of the filter parameter used
during the realization of the observer.

3.1 Output integral sliding modes

Define the auxiliary affine sliding function s: R — R™
as follows:

s(y) =Gy +o. (6)
Here, the matrix G € R™*” must satisfy the condition

det(GCB) # 0.
The term o is a function of ¢ and includes an integral
term which will be defined below. Thus, for the time
derivative s we have

§ = GC[Ax + Buy + Bu; + By] +o.

Define o as

6 = —GCA% — GCBuy, o(0) = —Gy(0).  (7)

The vector X represents an observer and its specific form
will be selected further. The substitution of ¢ in (S) yields

§=GCA(x —X)+ GCBu; + GCBy; s(0)=0. (8)
We propose the control u; in the following form

s(1)

_ 1
up = ﬂ(Z)D ”S(l)

, D:=GCB 9)

with the B(f) being a scalar gain that satisfies the
condition

B(1) — (IDllga(y, 1) + IGCA]l | x(1) — 2(1)||) = » > 0,

where A is a constant. Selecting the Lyapunov
function as ¥ = 1/2|s||> and in view of (9) and (2),
differentiating V" yields

V=(s,5) = <s,GCA(x -3 - ﬂﬁjLDy)

< —lsl(B = IGCA[lllx — Xl = I Dli(ga)) < —lIslA <0

((s, §) := sT5). It means that V" does not increase in time
and since s(0) = 0, this implies

2 1] = Vs = Vis0) = 3 |s0)] = 0
So, the identities

s((1) = (1) =0 (10)

hold for all >0, i.e., there is no reaching phase.

From (8) and in view of the equality in (10), the
equivalent control maintaining the trajectories on the
surface is

teq = —(GCB) "' GCA(X(t) = X)) —y.  (11)

The substitution of uj.q in (1) yields the sliding mode
equations

¥(1) = Ax(t) — B(GCB) ' GCA[x(t) — %(1)] + Bug

7(0)= Cx(2).

Define the matrix A as

(12)

A= [I- B(GCB)™'GC]A. (13)
Lemma 1:  When the number of outputs is less than or
equal to the number of inputs, the matrix A in (13)
always belongs to the null space of the matrix C and,
consequently, the pair (A, C) is not observable.

The proof of Lemma 1 is given in Appendix A.

Remark 1: Lemma 1 means that in the case when
p < m, the ISM control using only output information
should not be realized.

The following lemma establishes the condition, in terms
of A, B and C, providing the observability of the pair

4, 0).

Lemma 2: The pair (/I, C) is observable if and only if
the triple (A, B, C) does not have any invariant zeros, i.e.,

{s € C:rank (P(s)) <n+m} =9, (14)
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where P(s) is the Rosenbrock’s matrix system defined as

Ps) = [sl_—cA g]

A proof of Lemma 2 is given in Appendix B.

Remark 2: Note that 4 defined in (13) depends on
a matrix G, which can be designed in a non-unique
form. However, due to the Lemma 2, the observability
of the pair (4, C) depends only on the matrices 4, B
and C. In other words, the design of G does not affect
the observability of (4, C).

(15)

3.2 Design of the observer

Define G as G = (CB)":= [(CB)T(CB)]fl(CB)T which
is the pseudo-inverse of CB. Substitution of G in (12)
leads to the following expression:

x(1) = Ax(t) + Buy + B(CB)" CAX(r) 16)
() = Cx(1),

where the matrix 4 in (13) becomes
A=[I-B(CB)*C]A.

Now, it is assumed that the pair (/I, C) is observable.

The observer will be based on the recovery of the vec-
tors Cx(f), CAx(7) and so on until get CA~'x(r). After
arranging the vectors CA¥x(r), we will have obtained
the vector f{(t) := Hx(t), where

CA

H= .|, Her™ (17)

cir

By definition / (the observability index) is the least
positive integer such that rank (H) = n. Since (4, C) is
observable, such a index / always exists, see, e.g., Chen
(1999). So to obtain the vector x(f), we only need to
solve the set of algebraic equations f{(r) = Hx(r).

Before designing the observer we find a bound that
we will need later. Design the following dynamic system

X(1) = AX(t) + Buy(1) + B(CB)" CAX(f)
+ K(y(1) — Cx(v)), (18)
where K must be designed such that the eigenvalues of
A := (4 — KC) have negative real part.

Let r(t) = x(t) — x(¢), then, from (16) and (18), the
dynamic equations governing r(t) are

Ht) = [/i - KC]F(Z) = Ar(0). (19)

Since the eigenvalues of A have negative real part, the
equation (19) is exponentially stable i.e., there exist
some constants y, n > 0 such that

I = v exp(=nn)[rO)l
< yexp(—=nt)(n + X)) (20)

Below, it is shown that in the design of the observer we
need a bound of ||r(7)||. Thus (20) ensures that we can
always satisfy such a requirement.

3.2.1 Auxiliary dynamic systems and output
injections. The principal goal in the design of the
observer is to recover the vectors

CAlx, i=T1,1—1

where / is defined as the observability index see e.g.
Chen (1999). First, to recover CAx(t), let us introduce
an auxiliary state vector x{"(¢) governed by

() = A%(1) + Bluo(1) + (CBY CAX(1)]
+L(cL) "), 1)

where x{V(0) satisfies
CxV(0) = (0).
For the variable sV € R” defined by
SO0, (1) = Cx(0) — CxP(0) (22)
we have
§D(1) = CA(x(1) = (1) — (1) (23)
with v()(7) defined as

DT
V(]) — M] W if & sé 0
0 it sM=0.
Here the gain scalar M should satisfy the condition
ICANx =3I < M, (24)

to obtain the sliding mode regime. From (20),

My = ||CA||[y exp(—nt) (i + | 50)]))]
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satisfies (24). Then, repeating the same procedure as in
§3.1, we get

sD@y =0, sV =0, vr=>o0. (25)
Thus, in view of (25) and (22) we have

Cx(t) = Cx\() (26)
and from (25) and (23), the equivalent output injection is

V(1) = CAx(1) — CAX(1), V1> 0.

Thus, Cﬁix(l) is recovered by means of the following
representation:

CAx(1) = CAT() +v{)(), V> 0. (27)

Now, the next step is to recover the vector CA%x(7) . To
do that, let us design the second auxiliary state vector
x(7) generated by

XO(1) = A25(1) + AB[uo(1) + (CB)* CAX(1)]
+ L(CL)~""v(),

where x{2(0) satisfies
1(0) + CA%(0) — CxP(0) = 0.
Again, for s e R’ defined by
O (1@, x2(0) = CATO +l)0) - xP()

in view of (27), it follows that

s<2>(vgg>(t), xg2>(z)) = CAx(1) — CxO()  (28)
and hence, the time derivative of s is

§A() = CA2(x(1) — 3(1)) — v2(D). (29)

Take the output injection v (¢) as

@ ) 2
v(z) — MQM if s 7& 0

0 if s®=0
ICA?|l|x = || < Ma.

(30)

Again, from (20),

M; = | CA? ||y exp(=nt)(u + | Z(O)I])]
satisfies (30). So, the procedure followed in §3.1 yields
s =59 = 0. (31)

From (31) and (29) the equivalent output injection v{3(1)
could be represented in form

v2(1) = CA*(x(1) — 5(1))

and the vector C/sz([) can be recovered by means of
the equality:

CAx(1) = CAX(D) + V(). 1>0. (32)

Thus, iterating the same procedure, all the vectors
CA'x can be retrieved. The above mentioned procedure
could be summarized as follows.

(a) The dynamics of the auxiliary state x%)(¢) at the kth
level is governed by

¥0(1) = 4 5(1) + A Bluo(t) + (CB)T CAR(1)]
+ L(CL)"'v®, (33)

where L € R"™? is a matrix so that det(CL) # 0 for all k
and the output injection v% at the kth level is

u s NN
o _ My T

34
0 it s®=0. S

ICAIlIFI < My; r=x — %

M, is selected as M > ||C/1k||[)/€Xp(—771)(M+ ”i()”)]
+Ar, A > 0.

(b) Define the sliding surface s® at the k-level of the
hierarchy as

O (00, x0(0)

y(l‘)—CXgl)(l‘) fork=1
_ o (35)
W Vo+CA J()-CxP) fork > 1,
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where v~! is the equivalent output injection whose
general expression will be obtained in the lemma
below, but v&~(0) and s (0) should satisfy

s%(0)
Cy(0)— Cx{P(0) =0 fork=1

_ b . (36
vE=D(0) + CA*15(0) — Cx(0) =0 fork > 1 (36)

Here, vO(f) is treated as a “sliding mode” output
injection. The equivalent output injection of v{{)() is
given in the next lemma.

Lemma 3: [f the auxiliary state vector x® and the
variable s% are designed as in (33) and (35), respectively,
then for all t>0

&) = CA x(1) — CA* (1) (37)
and each k =1,[—1.

Proof: As it was shown before, the following identity
holds

V(1) = CAx(1) — CAX(1), V1> 0.
Now, suppose that the equivalent output injection v~
is as in (37). Then substitution of v{5~") in (35) gives
SO(ED, ¥00)) = CA X0 - P (38)
The derivation of (38) yields
O8O 0)) = CA (0 = %) =P, (39)
Thus, selecting the Lyapunov function ¥ = 1||s®|* and
V0 (¢) as in (34), for any 7> 0 one gets
s =0, sPu=o. (40)
Therefore, from (40) and (39) it follows that

&) = CA*x(1) — CA*5(1) O

3.3 Observer in the algebraic form

From (26) and (37), we have the following set of
equations

Cx(1) = Cx(t) + (Cx(r) — Cx(1))
CAx(1) = CAZ(1) + )
(41)

CA™'x(1) = CA™ x(0) + D

or, in a matrix representation

Hx(t) = HX(t) + veq(t), Vi >0, (42)
where
C ngl) — Cx(?)
cA vy
H= : s Veq = ) . (43)
1o -
CcA Wi

Since the pair (4, C) is observable, the matrix H has
rank n. Thus, the left multiplication of (42) by H* :=
[HTH]leT implies

x(1) = X(t) + Htveq(1), V>0 (44)

That is why an observer, based on the Hierarchical ISM
can be suggested as follows

£(1) 1= %) + H veg (1) (45)

Remark 3: Notice, that in general,

X* 1= arg miRn \f — Hx||> = H"f
min

where the limit H™ = lim,_ (8°7+ HTH)leT always
exists (see Albert 1972) and, moreover,

|r— H = | (1~ HE)

This norm is not obligatory equal to zero. In the parti-
cular case, when f'= Hx, one has

min|f — Hz|*= |~ Hx*[*= [ (1 - HE )

zZER"

= (1 )| | 0~ i )= 0

for any z.
Now we are ready to formulate the main result.

Theorem 1: Under the assumptions 1-4 and supposing
the ideal output integral sliding mode exists, the following
identity holds:

W=x() V>0 (48)

Proof: It follows directly from (44) and (45). O
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Remark 4:  The realization of the observer (45)
requires filters whose parameters affect convergence
time of the observer.

3.4 Observer realization

To carry out the observer in the form (45), the surface
s must be realizable. Thus, to guarantee the realization
of s®, the equivalent output injection v{%) must be avail-
able. However, the non-idealities in the implementation
of % cause the, so-called, chattering phenomenon.
So, we will have a high frequency signal. Therefore,
y&) cannot be directly obtained from v¥). Nevertheless,
vg’(‘] could be computed via filtration. Namely, the first
order low-pass filter

0@ +vO @) = vO ), vy =0 (47)

gives an approach of v{f) (Utkin 1992). Or, in other

words,

lin(r]1 W0 =v, >0,

At—0

where A is proportional to the sampling time (the time
that v** lasts to pass from one state (M) to other
(=M)). So, selecting 7= A" (0 <n < 1), we have the
following conditions to realize the OISM observer.

1. Use a sampling interval A very small.
2. Substitute v (z) in (35) by v{)(1).

3. Substitute v(k)(O) in (36) by v¥(0) = 0, i.e., the initial
conditions x")(O) should satisfy the equations

CAxk=D(0) — Cx0(0) = 0
Cy(0) — Cx(D(0) =0

fork > 1,
for k = 1.

So, the realization of the observer in (45) takes the form
(1) :=X(0) + H vay (1)

T
)]

(48)

Vay = [ (cxt—cson” oy

3.5 OISM algorithm

The proposed OISM algorithm can be summarized
as follows.

1. Design_the matrix K such that the eigenvalues of
A= (A — KC) have negative real part.

2. Compute the scalar gain 8(¢) as in (9).

3. Design the auxiliary systems x© as in (33) with the
sliding surfaces s% as in (35) and compute the
constants My, k=1,...,1—1. Recall that v(’”)(t)
should be substituted in (35) by v¥)(7).

4. Run simultaneously the observer X according to (48)
and the controllers ug, u; according to (52) and (9)
respectively.

4. Case of study: LQ control law

In order to show an application of the OISM suggested
in this paper, we propose to design the nominal control
ug as an optimal control based on the standard LQ-index
for a finite horizon. In view of (46) and (12), the
sliding dynamics equations for the state x have the form

x(1) = Ax(t) + Buy, x(0) = x° (49)
Note that now the dynamic equations (49) of the state x
are the same as those ones of the nominal state (4). Here,
uy is an admissible control (belonging to a set U, of

piecewise continuous functions) which minimizes the
following standard LQ-index:

Iy (uo(-) == x" (/) Fx(ty)

+ / ’ (xT(DOx(1) + ug (1) Ruo(1))dt
t=0

where F=F' >0, 0=0" >0, R=R" > 0. Thus,
the aim of the control u, is: to minimize the index

Ju()), ie.,

up(-) = arg min J, (uo()). (50)

uo€Uaam

Thus, the control law solving (50) for (49) (e.g. see
Anderson and Moore (1990)) is of the form

ui(x(1)) = —R™' BT P(1)x(t)

with P(r) € R™" satisfying the differential Riccati
equation

P(1)+P()A+A" P(t)— P()BR™' BT P(1)+ 0 =0 1)
P(l‘f) =F

From (46), the estimated state x is used to realize the
control uy, i.e., the control u, should be designed as

up(f) = =R BT P(1)%(¢) (52)
with X(¢) being designed as in (45). That is, since we have

compensated the matched uncertainties and we can
ensure the estimation error being arbitrarily small
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after an arbitrarily small time, we can design the control
uo for the nominal system but being applied to the
system (1).

5. Example

To illustrate the procedure given above, let us take the
linearized model of a inverted pendulum with a trolley
considered in Utkin ef al. (1999, pp. 90-91). A control
force is applied to the cart so that the pendulum remains
in a vertical line. The motions equations are

ﬂO:AMD+me+m)+Bﬂ%D} 3

(1) = Cx(1)
r o0 0 1 0 0
(e 0 0 0 1 B 0
10 12586 0 0 0.1905 |’
L0 7.5514 0 0 0.1429
10 0 0
C =
L0 0 0 1
—04 n—-5<t<n-2.5
y() = n=5,10,....
0.4 n—25<t

The vector state x consist of four state variables: x; is
the distance between a reference point and the center
of inertia of the trolley; x, represents the angle between
the vertical and the pendulum; x; represents the linear
velocity of the trolley; finally, we have that x4 is equal
to the angular velocity of the pendulum. As can be
verified, the pair (4, C) has no invariant zeros.
Lemma 2, implies that (A4, C) is observable
(4= [1— B(CB)*C]A).

The initial conditions are considered as
x(0)=[03 02 0.1 -0.1 ]T; and as a consequence
we have y(0) =[0.3 —0.1]". The matrix A takes the
form

0 0 1 0
~ 0 0 0 1
A=14 _g81 0 0

0 0 00

As it can be verified, the pair (4, C) is observable.
The matrix K was calculated as follows:

4.6234 —0.3148
K — —1.3423  0.5548

10.2373  —1.7542

—0.3148  0.9492

The weighing matrices Q, R and F were chosen as
Q =20/, R=0.5and F =201

The simulations were carried out with two sampling
stepst A =2-10"3 and A =2-10"*. In both cases, as
the filter constant, the value Tt was chosen as
T = 150A%5. The trajectories of the state vector, when
X (called xe in the graph) is used in the control u,
and when x is used in the control u, are depicted in
figures 1 and 2.

--Using xeinu
05 . . . . . — Using x inu .

E oo
T s 5 6 7 s 9 o
0.25 — :
a o:\\K//—
~0.25

Time (s)

Figure 1. Trajectories of x using A =2x107°. Trolley
position (TP), pendulum position (PP), trolley velocity (TV)
and pendulum angular velocity (PAV).

—--Using xe inu
0.5 — : — A—Usingxinu |,

& o _
N\ =
05 e L L L L L L
0 1 2 3 4 5 6 7 8 9 10
0.25 T T T
& 0 .\\/’
-0.25 .
1 2 3 4 5 6 7 8 9 10
0.5

Time (s)

Figure 2. Trajectories of x using A =2x10"* Trolley
position (TP), pendulum position (PP), trolley velocity (TV)
and pendulum angular velocity (PAV).
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To realize the suggested observer, the filters suggested
in (47) must be used. The simulations show that those
filters are not affecting too much the observation process
(see the observation error e(f) = x(¢) — X(¢) in figures 3
and 4. As we can see in those figures, the convergence
to zero is better when A is smaller, i.e., the convergence
depends only on A.

6. Conclusions

In this paper we discussed the possibilities to realize
the output integral sliding mode control, ensuring

0.01 T T T T T
by 0
—0.01 L L L L L
0 0.05 0.1 0.15 0.2 0.25 0.3
1 T T T T T
& 0 Cx\_f
-1 . . ) . .
0 0.05 0.1 0.15 0.2 0.25 0.3
0.2 T T T T T
02 . . . . .
0 0.05 0.1 0.15 0.2 0.25 0.3
0.01
o 0
_0'010 0.05 0.1 0.15 0.2 0.25 0.3

Time (s)

Figure 3. Observation error e = x — X using A =2 x 107>,
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Figure 4. Observation error e = x — X using A =2 x 107%.

insensitivity of the state trajectory (optimal in this
paper) with respect to matched uncertainties from the
initial time.

It was shown that the use of output integral sliding
mode control, for the case when the number of
inputs is more than or equal to the number of outputs,
immediately causes the loss of observability, and so
the output integral sliding mode control could not be
realized if any observation process is required. It was
shown that, for the case when the number of inputs is
less than the number of outputs, the use of output
integral sliding mode allows: first, the matched uncer-
tainties from the initial time (independently of the obser-
vation process) to be compensated, and second, design
of the hierarchical sliding mode observer reconstructing
the system states. Using a low-pass filter for the observer
realization, we showed that the estimation error depends
only on the sampling time and the filter time constant. It
is proved that time of convergence of the observation
error can be made arbitrarily small after a short time
by decreasing the sampling step and filter time constant.

Appendix

A. Proof of Lemma 1

Proof: Consider system (1) with p<m and
rank(CB) = p. Suppose that the control law wu is
designed in the following way

U= ug+ uy,

where u is the nominal control used after the compensa-
tion of the perturbation g and u; is designed to compen-
sate the perturbation g. At first we will consider the case
when p=m and next the case when p < m.

1. Consider the case when p = m.

Define auxiliary function s as follows:
s(»):=G(y+z), se R" (54)

the matrix G € R™" must satisfy rank (GCB) = m, but
this is only satisfied when det(G) # 0. Following the
same process as in § 3.1, one has

Uieq = —(GCB)'GCAx — .
Substitution of ui¢q in the system (1) yields

X() = [I— B(GCB)™'GC|Ax(t) + Buy
(1) = Cx(1)
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recall A = [I — B(GCB)™'GC]A, then pre-multiply 4 by
GC one gets

GCA = GC[I - B(GCB)™'GC]4 = 0.

This means A belongs to the null space of GC and since
G is a non-singular matrix, then 4 belongs to the null
space of C and it implies that (A4, C) is not observable.

2. Now suppose that p < m.

Let the auxiliary function s as in (83) but, since
rank (CB) =p and p < m, then there is not any
matrix G € R™" satisfying rank (GCB) = m. That
is why the sliding surface s(y) can not be designed
in a space of dimension bigger than p. Let us
define s(p) in the space R?, that is,

s(») = Gy + 2),

where the matrix G € R?*?. Thus, the time derivative
s 1s as follows

§ = GC[Ax + Bug + Bu; + By] + G:z.
Define z as follows
z = —CBuy, z(0) = y(0)
the substitution of z in s gives as result
s = GCAx + GCBu; + GCBy.

Now, in order to produce the sliding mode, the control
u, should be designed as wu; := Fu, where the matrix
FeR™? should satisfy rank (GCBF)=p. Thus
BF can be considered as the new matrix of input
distribution B, and u as the new control u;. In this
form, we can consider that the number of inputs is p,
that is we have the same number of inputs as number
of outputs. Hence, we can follow the same proof used
for case 1. Ll

B. Proof of Lemma 2

Proof: Recall A:=[I—B(GCB)'GC]4,  hence,
Lemma 2 asserts that for every complex scalar s the
equivalence

sI—A B
rank[ ]

—-C 0

=n-+m if and only ifrank[SI;Aj| =n

is satisfied. So, define the matrices ¥ and U in the
following form

- By
V.= » :|,

L (GCB)'GC
V' =[[I- B(GCB)'GC|B** B]
- (CB)l}

G

U™ =[[1 - cBGCBY'GC)(CB CB(GCB)].

Now, before to prove the required equivalence we need
to express the following matrices into the expanded form

1 [ 4Au A g [a 0
vay _|:A21 A | veys = 0 GCBY

(55)
where A7 € R"™™"™" and C; € RF~™"=" We obtain

yip-1 — |:A11 Alz]

Axy Axn
0 Ay A

— A A = . 56
M[zl 2] [O 0] (56)

Then, from (55), (56), and since det(GCB) # 0 we have
the following equivalences

sI—A B sI—VAV-' VB
rank =n+m < rank
-C 0 —ucy-! 0
_SI—A“ —A12 0
n o K —Az] SI—A22 1
=n-+m <& ran
—-C 0 0
.0 —GCB 0
_SI—A“]
=n+m & rank
| -G
_SI—AH —A]z
N K 0 sl
=n—m<& ran
- 0
.0 —GCB
sI— VAV
=n < rank
—-ucy!
I, 09TV 07| sI—4
=n & rank s1—A y!
0 UJLO 1, -C
:n@rank|:S1_Ai|:n (57)

and so the Lemma is proven. Il



Output integral sliding mode control 453

References

A. Albert, Regression and Moore-Penrose Pseudoinverse, vol. 94 of
Mathematics in Science and Engineering, New York, London:
Academic Press, 1972.

B. Anderson and J. Moore, Optimal Control, Information and Systems
science, London: Prentice Hall, 1990.

S.K. Bag, S.K. Spurgeon and C. Edwards, “Output feedback sliding
mode design for linear uncertain systems”, IEE Proc. Cont.
Theory Appl., 144, pp. 209-216, 1997.

J. Barbot and T. Floquet, “A sliding mode approach of unknown
input observers for linear systems”, in 43th IEEE Conference on
Decision and Control, Atlantis, Paradise Island, Bahamas,
pp. 1724-1729, 2004.

J. Barbot, M. Djemai and T. Boukhobza, “Implicit triangular observer
form dedicated to a sliding mode observer for systems with
unknown inputs”, Asian J. Cont., 5, pp. 513-527, 2003.

M. Basin, L. Fridman and J. Rodriguez, “Optimal and robust integral
sliding mode filters over observations with delay”, in Proceedings of
the IEEE 7th International Workshop on Variable Structure Systems,
Sarajevo, Bosnia and Herzegovina, pp. 163-174, 2002b.

M. Basin, L. Fridman and M. Skliar, “Optimal and robust sliding
modelter for systems with continuous and delayed measurements”,
in Proceedings of the 41st Conference on Decision and Control,
Las Vegas, NV, pp. 2594-2599, 2002a.

M. Basin, L. Fridman, J.R. Gonzilez and P. Acosta, “Optimal and
robust sliding mode control for linear systems with multiple time
delays in control input”, Asian J. Cont., 5, pp. 557-567, 2003.

M. Basin, J. Rodriguez, L. Fridman, and P. Acosta, “Integral sliding
mode design for robust filtering and control of linear stochastic
time-delay systems”, Inter. J. Robust Nonlinear Cont., 15, pp.
407-421, 2005.

F. Castafos and L. Fridman, ““Analysis and design of integral sliding
manifolds for systems with unmatched perturbations”, IEEE Trans.
on Auto. Cont., 55, pp. 853-858, 2006.

C. Chen, Linear Systems: Theory and Design, New York: Oxford
University Press, 1999.

C. Edwards and S. Spurgeon, “Sliding mode stabilization of uncertain
systems using only output information”, Inter. J. Cont., 62,
pp. 1129-1144, 1995.

C. Edwards and S. Spurgeon, Sliding Mode Control, London: Taylor
and Francis, 1998.

C. Edwards, S. Spurgeon, and R.G. Hebden, “On development and
applications of sliding mode observers”, in Variable Structure
Systems:Towards XXIst Century (J. Xu and Y. Xu, Eds), Lecture
Notes in Control and Information Science, pp. 253-282, Berlin,
Germany: Springer Verlag, 2002.

A. Filippov, Differential Equations with Discontinuos Right-hand Sides,
Dordrecht: Kluwer Academic Publishers, 1988.

L. Fridman, A. Poznyak and F. Bejarano, ““‘Decomposition of the min-
max multimodel problem via integral sliding mode”, Inter. J. Robust
and Nonlin. Cont., 15, pp. 559-574, 2005.

H. Hashimoto, V. Utkin, J.-X. Xu, H. Suzuki and F. Harashima, “Vss
observer for linear time varying system”, in Proceedings of
IECON90, Pacific Grove, CA, pp. 34-39, 1990.

A. Poznyak, L. Fridman and F. Bejarano, “Mini-max integral sliding
mode control for multimodel linear uncertain systems”, IEEE
Trans. on Auto. Cont., 49, pp. 97-102, 2004.

Y. Shtessel, P. Kaveh and A. Ashra, “Robust harmonic oscillator
control via integral and high order sliding modes”, in Proceedings
of 8th International Workshop on Variable Structure Systems,
Vilanova i la Geltru, Spain, September 2004.

H. Sira-Ramirez and S.K. Spurgeon, “Robust sliding mode control
using measured outputs”, Mathematical Systems, Estimation and
Control, 6, pp. 359-362, 1996.

H. Sira-Ramirez and M. Fliess, “On the output feedback control
of a synchronous generator”, in 43rd IEEE Conference on
Decision and Control, Atlantis, Paradise Island, Bahamas,
December 2004.

V. Utkin, Sliding Modes in Control and Optimization. Berlin, Germany:
Springer Verlag, 1992.

V. Utkin and J. Shi, “Integral sliding mode in systems operating
under uncertainty conditions”, in Proceedings of the 35th IEEE
Conference on Decision and Control, Kobe, Japan, pp. 4591-4596,
1996.

V. Utkin, J. Guldner and J. Shi, Sliding Modes in Electromechanical
Systems, London: Taylor and Francis, 1999.

J. Xu, Y. Pan, T. Lee and L. Fridman, “On nonlinear h-infinity
sliding mode control for a class of nonlinear cascade systems”,
Inter. J. Sys. Sci., 36, pp. 983-992, 2005.



