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SUMMARY

A robust hierarchical observer is designed for linear time invariant systems with unknown bounded inputs
under conditions of strong observability, providing exact state estimation. The main condition for
designing the state estimator is the, so-called, strong observability condition. The supertwisting (second-
order sliding mode) algorithm is used in each step of the hierarchy; the continuity of the supertwisting
output injection allows to reconstruct a vector formed by some full column rank matrix premultiplied by
the state vector, and that vector is obtained in a finite time and without any sort of filtration. For the case
when the unknown inputs are considered as constant uncertain parameters, the continuous version of the
least-square method is developed. Two numerical examples illustrate the efficiency of the suggested
technique. Copyright © 2007 John Wiley & Sons, Ltd.
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1. INTRODUCTION

1.1. Antecedents and motivation

The problem of state observation for systems with unknown inputs has been one of the most
important in modern control theory during the last two decades [1,2]. Usually, the design of
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EXACT STATE ESTIMATION FOR LINEAR SYSTEMS 1735

observers for systems with unknown inputs requires the system to have relative degree one with
respect to the unknown inputs; this restriction allows the decomposition of the state vector into
two parts, the first part is not affected directly by the unknown inputs and needs to be
observable, and the second part of the vector is completely known. The specific feature of a
majority of the suggested observers is that they are asymptotically efficient when any
uncertainties in the dynamic model description are absent, that is, they provide an exponential
convergence of the estimates to the corresponding state dynamics only asymptotically, or, in other
words, in infinite time (see [3], for example). Some observers, in the presence of any bounded
unknown inputs, guarantee the error convergence to a zone proportional to the bound of these
unknown inputs (see, e.g. [4]).

The paper [5] deals with an approach concerning a finite time exact state estimate in the
absence of uncertainties, and that approach requires the simultancous consideration of two
asymptotic observers where the second one contains a delay in its dynamics.

On the other hand, the problem of state observation has been actively developed within
Variable Structure Theory using the Sliding Mode approach. Sliding mode observers are widely
used due to their attractive features: robustness with respect to some class of uncertainties and
possibilities of current identification (estimation) of the uncertainties based on the equivalent
output injection (see, for example, the corresponding chapters in the textbooks [6,7] and the
recent tutorials [8—10]). To ensure the finite convergence, one idea that has been suggested is to
transform the system into a triangular form and use a step-by-step sliding mode observer based
on first-order sliding modes, allowing the successive reconstruction of each component of the
transformed state vector via the equivalent values (see, e.g. [11-14]). The methodology
previously mentioned ensures finite time convergence theoretically since its realization requires a
filtration of the equivalent control at each step.

In the last two decades the second-order sliding mode algorithms have been designed (see
[15-19] and references therein). One of such algorithm is the supertwisting algorithm [20] keeping
the advantages of sliding mode controllers. A robust exact differentiator, based on supertwisting
algorithm, was designed in [21]. Such differentiator ensures a finite time convergence to the
values of the corresponding derivatives and provides the best possible accuracy of
the derivatives for the given value even considering deterministic noise, sampling step and in
the case of discrete measurements. That is why the application of the supertwisting algorithm
for observation and identification seems to be a reasonable choice.

1.2. Main contributions

1. A state hierarchical observer for linear time invariant systems with unknown bounded
inputs under conditions of strong observability is proposed, providing the exact
reconstruction of the state components.

2. We suggest to design, at each level of the hierarchy, sliding surfaces using the algorithm
given in [22]. The continuity of the supertwisting algorithm [20] allows the recovery of an
invertible matrix premultiplied by the state vector, so after finite time the exact value of the
state vector is recovered without any filtration. Moreover, the system does not need to be
transformed to any canonical or triangular form.

3. For the case when parameter uncertainty could be considered as unknown inputs which do
not create invariant zeros in the system, the design of the hierarchical observer allows also
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1736 F. J. BEJARANO, L. FRIDMAN AND A. POZNYAK

the estimation of the parametric uncertainties. No filters are needed in the parameter
estimation process.

1.3. Structure of the paper

In Section 2 the observation process in the presence of unknown inputs, affecting the state and
appearing explicitly in the output, is described; in Section 2.1 the model description and the
problem formulation are presented. Section 3 deals with the case when the relative degree of the
system is one and there exist parametric uncertainties; in this case we can also identify (estimate)
the parametric uncertainties, which is carried out in Section 3.4. Section 4 deals with two
numerical examples showing the effectiveness of the proposed method.

1.4. Main notation

Throughout this paper the following notations are used. By F € R™? we will denote any matrix
of the corresponding size, its pseudoinverse is denoted by F*. Specifically, if rank F = r, then
Ft =FT(FFT)"! and if rank F = ¢, then F* = (FTF)"'FT. In the case when rank F = p, we
denote the matrix F+ € R"”*" as a matrix that is orthogonal to F, i.e. F*F = 0 and rank F* =
r — p. It should be noted that the matrix F* is not unique. We also denote F*+ e R” as a

matrix such that
FJ_J_
det( Pl ) #0

2. EXACT STATE ESTIMATION

2.1. Plant’s model and problem formulation

Let us consider a multi-state linear system given by the following ordinary differential equation
(ODE):

X(t) = Ax(¢t) + Bu(t) + Dw(x, ), x(0) = xo (1a)

y(t) = Cx(t) + Fw(x, 1), t=0 (1b)

where x(7) € R”" is the state vector, u(z) € R™ is a control, y(¢) € R? (1 <p<n) is the output of the
system, w(x,7) € R? is an unknown bounded input, that is, ||w(x, £)|| <w' <oo. The matrices
AeR” BeR”™™ CeR, DeR™, and F € RP* are known constant. The pair {u(z), (1)}
is assumed to be measurable (available) at any time #>0. The current states x(¢) as well as the
initial state xy are not available.

Problem formulation: Estimate the state vector x(¢) for all 1>=¢> 0, based on the available
information {u(t), y(v)}.¢0,4-

Note that if for all >¢ > 0 the suggested estimate X(¢) exactly coincides with x(¢), then we deal
with an exact (non-asymptotic) state estimation process.

Before designing a state estimator, we recall some definitions and properties which justify the
procedure that we will suggest to design the state estimator. Since u(¢) is known and its effect can
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EXACT STATE ESTIMATION FOR LINEAR SYSTEMS 1737

be compensated for any observer, without loss of generality, one can assume that u(z) = 0 for all
t=0. That is, consider the following state equations:

X(t) = Ax(t) + Dw(x, 1), x(0) = xo (2a)
() = Cx(t) + Fw(x, 1), t=0 (2b)
We recall some definitions corresponding to properties of (2) (see [1,22-24]).

Definition 1

¥" is a null-output (4, D) invariant subspace if for every x € 7~ there exist some w such that
(Ax + Dw) € ¥~ and (Cx + Fw) = 0. ¥ is the maximal null-output (4, D) invariant subspace,
i.e. ¥~ C ¥ for each subspace ¥".

Subspace ¥ is called the weakly unobservable subspace of (2).

Definition 2
We say that system (2) has invariant zeros if
sl —A4 —D

F

D
{se C:rankP(s)<n+rank<F>};é(/) where P(s) = 3)

P(s) is known as the Rosenbrock matrix for system (2).

Definition 3
System (2) is called strongly observable if, and only if for any initial condition x¢ and for any
unknown input w(z), the condition y(¢) = 0 for all >0 implies that x(#) = 0 for all z>0.

The following statements are equivalent (see, e.g. [1,22-24])

(1) System (2) is strongly observable.
(i1) System (2) has no invariant zeros.
(iii) ¥™* = 0.

It means that if system (2) has invariant zeros, then there exists an initial condition xo = £ and
an unknown input w(z) such that y(f) = 0 for all 1>=0 and x(¢) being not equal to zero for all
t=0. So, in that case it would be impossible to make an estimation, independently of w(¢), of the
state x(¢).

Therefore, throughout the paper it will be assumed that

Al. System (2) has no invariant zeros.

We will suggest an state estimator that has a hierarchical design and uses the supertwisting
algorithm for its construction. We use the supertwisting as a substitute for a differentiator, so we
will try to construct a vector formed by an analogous of the observability matrix multiplied by
the state vector, all taking into account the presence of the unknown inputs. For such a goal we
will use the following algorithm [22]. This design allows the reconstruction of the state vector
independently of the unknown inputs.
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1738 F. J. BEJARANO, L. FRIDMAN AND A. POZNYAK

Algorithm 1 ( Molinari [22])
Step 0: Set k =0, and set My =0
Step k: Evaluate

M,D MA
[ = “4)
F C
and let T} any non-singular matrix reducing I'; to
Jit1 Lita
T T = [ ®)
M1
where Jy4; has full row rank. Ji,, has ¢ columns and M, has n columns.
Step k+ 1: Set k =k + 1 and go to Step k.
The matrix My, could be reduced to the form
My
0
In [22] was proven that
v* =ker M, (6)

By assumption A1 and the equivalences (ii) and (iii), it follows that #™* = 0. Hence, (6) implies
rank M, = n, that is, M,, has full column rank.

Let / be the least positive integer such that rank M; = n. This means that ¥™* = ker M; = 0.
Thus, we may select T} as

Tia M\ MD\*
where Ty, = P and Typ = P for k=0,1,...,1—1 (7)

Tip
Thus, T} selected as in (7) satisfies (5) and My, takes the form

) MD\ " [ My A MA
M1=F C, Mk+1= =Tk,b fOI‘kzl,...,l—l (8)
F C C

Tk =

Below we will show that we can recover each vector My x(f) until we obtain M;x(¢) and,
consequently, by the pseudoinversion of M;, we can recover x(z).
2.2. Auxiliary dynamic systems

The use of the supertwisting algorithm requires the knowledge of some bounds. Let us show that
the consideration of the following dynamic system (linear observer) ensures the knowledge of
these bounds. First, design the following dynamic system:

(1) = AX(1) + Bu(t) + K(y(1) — CX(1)) )
where K must be designed such that

A2. The eigenvalues of A := (4 — KC) have negative real part.
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EXACT STATE ESTIMATION FOR LINEAR SYSTEMS 1739

Letting é(¢) = x(¢) — X(¢), from (1) and (9), the dynamic equations governing é&(z) can be
represented as

&(t) = [A — KC(t) + [D + KFw(t) = A&(t) + [D + KF]w(x, 1)

Since ||w(x, )|| <w™, it is well known that &(¢) is of bounded norm, i.e. there exist some constants
7,1, ;0> 0 such that

eI <y exp(—u)|1&0)]] + nw™ (10)
Thus, the inequality in (10) yields the following statement:

o e s y 1. &t —ywt
éT >nw™ implies ||é(f)||<eé” for all > —In————
w 11eo)l]

This means that if &+ > yw™, in finite time, &(7) will be bounded by é*. Below we will need a
bound for [|é(7)||, and (11) ensures that we can always satisfy such a requirement.

In (8) we can see that before recovering M 1x(f), one needs to recover Myx(f) for k =
1,...,/ —1; therefore, this subsection is devoted to the recovery of the vectors Mx(r)
(k=1,...,]). The first vector M,x(¢) is already available, since M;x(f) = F-Cx(f) = FLy(¢).

Now, to recover the vector M,x(¢) an auxiliary vector is designed in the following form:

(11)

X, = A%+ Bu (12)

We design an output injection vV using the ‘supertwisting’ algorithm (see [20]) and its
components are defined as follows:

1 1 1 . 1 .(1 . 1
D = 0 4 2SO signs), 4D = o signs) 13

All the solutions of the dynamic systems are defined in Filippov’s sense [25]. Since M x = Fty,
the variable sV is given by the formula:

Fy(1) FLCx,(1) ‘
Jipy(@) de C [, %(1)d =0

T

SO0, xa(0) = Thp

The dimension of the vector vV is the same as the dimension of sV and it is equal to the
number of rows of T that depends on the specific values that the matrices of the system take.
Thus, in view of (1), (12), (7), and (8), the time derivative of s is

F+c4

sV = T < )[X(Z) — X(0] = (1) = Ma[x(1) = X(D] = v(1) (15)

Now, choose the scalar gains 11, o; so that the following conditions are fulfilled:

a1 > By = I Mal|(I|Al1eT + ||1D + KF|lwh)

(r+ppA+0 | 2
Al > a-0 P 0<b<1 (16)
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1740 F. J. BEJARANO, L. FRIDMAN AND A. POZNYAK

where &% satisfies (11). In view of (11), one can always satisfy (16) in finite time. It was shown in
[20] that if the bounds in (16) are fulfilled, then there exists a finite time #; such that the following
equalities

sV =sV@0) =0, =1 (17)

hold, where ¢, is the reaching time. From (13), it is clear that if s’ = 0, then v\V) = z(V so the
vector M»x(f) can be recovered from (15) in the following manner:

M>x(1) = Mox(t) + z2V(r)  for 1>1 (18)

Recursively, we can follow the same procedure to obtain M;3x(7), M4x(t), and so on. Below we
give the general design of the auxiliary system and the sliding surfaces with their corresponding
output injection.

(a) Design the dynamics of the auxiliary system in the form:

Xa(t) = AX(t) + Bu (19)
The output injection v% at the kth level is designed as a ‘super-twisting’ controller (see [20]):
WO 12 Gian (@) A Z o sion(s®) 20)
where A; and oy are constants satisfying
o > B = 1My ll(l1Allet + 1D + KF|lw")

. (o + 1+ 0) p) 1<k<l—1
M= . 0<0<1
(1_9) Ock_ﬁ/c

oa_1 > By =|AIET + |ID + KF||w*

Ck=1—1 Q1)
Iy > (-1 + B )1+ 0) 2  0<0<1
(1-0) Vo1 — By

where &% should satisfy (11).
(b) Since M x(1) = Fy(t) and M;"M,; = I (M;" defined as in 1.4) the variables s* and z® are

related as
Fy(1) Myx,(2)
( ’ >_< ’ )] ~ JL @ dr, k=1
Jio (@) de [, Ci(x) dr

sPEED xy)
M X+ Zk=1) Mix,
= Tip - . — [0 de, 1<k<l—-1 (22)
[,y dr [, C(r)dt

M %4072 M;_1x,
- — [ @y de, k=1-1
[,y dt [, CX(r)de

The following lemma establishes how the vectors M;x(¢) can be recovered by the second-order
sliding motions (s® = §® = 0).

T p

M Ti_1p
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EXACT STATE ESTIMATION FOR LINEAR SYSTEMS 1741

ILJiln(qlzqratlie assumptions A1-A2, if the auxiliary state vector x* and the variable s®, for all
k=1,...,1—1, are designed as in (19)—(22), then, from some finite time #;, one has
My x(t) = My 50 + 200 fork=1,...,1-2 (23a)
x(1) = () + 2 V(@) (23b)
Proof

Let us prove Lemma 1 using induction. For £ = 1, as it was shown above, there exist a finite
time #; such that M,x(¢) is recovered by the equation

Mox(1) = Max(1) + 20, >0

Now, suppose that there exist a finite time #,_; such that (23) is true for some intermediate
k = j— 1. Thus, according to (22), s?) is in the form

(A/[j)?(l)"'z(jl)(t)) B < Mjxa(1) ﬂ _/t yW(r)dr (24)
Jipy(@) dr J_, Ci(r)dr =0

Substitution of zV=1(¢), from (23), into (24) yields

Mf - Aa t )
s = ij< [ [x(1) = xa(1)] ) _/ ey de
Ji_ov(®) — Cx()] dr =0

sOCED(1), xa(0) = T

for t>1t;_y. Thus, from (1), (19), and (8), the derivative of s¥) is obtained by the equation

$0(t) = My [x(1) — £(0] — W(0) (25)
Again, as it was shown in [20], if condition (21) is satisfied, then a second-order sliding mode is
obtained, i.e.

sO() = sty =0, t=1 (26)

where ; is the reaching time. Thus, from the structure of v/, s¢) = 0 implies v = z¥). Then in
view of (26), the equality (23) for k = is deduced from (25). Therefore (23) is true for k =
L...,[—2.

In particular, (23) is true for k = / — 2; therefore, since M;" M, = I, if s and v) are designed
as in (20)—(22) one has

s = M MI[x(0) — 5(1)] — V(1)
and, according with [20], by the condition (21) we have
sV =5y =0, =1

and so x(¢) = X(¢) + z=D(v). O

Copyright © 2007 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control 2007; 17:1734—1753
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1742 F. J. BEJARANO, L. FRIDMAN AND A. POZNYAK

2.3. Design of the state estimator

From (23) we have
x(1) = () + 27 V(@) (27)

So, the state estimator is defined as
(1) = () + 27 V(@) (28)

Now, we can resume the previous result in the following theorem.

Theorem 1
Under assumptions A1-A2,
X(t) = x(t) for all =1, (29)
Proof
It follows immediately from (27) and (28). O

We conclude this section with the algorithm for the state estimator given in (28).

Algorithm 2 (Design of the state estimator)

Step A: Find the matrices M according the (8) with T, as in (7). Determine the value of the
least positive integer / so that rank M; = n.

Step B: Design X according to (9) with the gain K satisfying A2 and design the auxiliary
system Xx, as in (19).

Step C: Design [ — 1 sliding surface s®) according to (22) and design the output injections v
following (20), each one fulfilling (21).

Step D: Design the state estimator using (28).

3. A PARTICULAR CASE: THE SYSTEM WITH PARAMETRIC UNCERTAINTIES

In this section we will assume that the unknown inputs represent some parameter uncertainties,
that is, w(x,?) = AA(1)Gx(t) where AA(r) €e R?*", 1<r<n and |[|AA(7)||<1, represents
parametric uncertainty (maybe, time varying). G € R™" is a known constant matrix. As before,
it is assumed that ||w(x,)]|<w™. Here is assumed that there is no direct influence of the
unknown inputs to the output, i.e. F = 0. Hence, system (1) takes the form

X(1) = [A + DAAMDG]x(1) + Bu(r),  x(0) = xo (30a)

() = Cx(1), =0 (30b)
Additional assumptions are imposed to the system (30)

A3. Rank of Cis p and rank of D is g <p, that is, the number of unknown inputs is less than
the number of measurable outputs:

rank D = g<rank C =p

A4. Rank(CD) =q.

Copyright © 2007 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control 2007; 17:1734—1753
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EXACT STATE ESTIMATION FOR LINEAR SYSTEMS 1743

3.1. Decomposition of the system
Define an n x n non-singular matrix P by
DJ_
(cpytc

where Dt e R" 7", (CD)* € R’ and D** e R"™" 7 (see Section 1.4). And consider r =

, P '=[(U-D(CD)"C)D*" D] (31)

[rlT rg]T = Px, rp € R"79. Thus, in the new variables, the following motion equations are
obtained:
F1(1) A A (1) B 0
[.1 ] _ 11 12] 1 1 N (322)
72 (1) Ay Axn | [ (D) B, w(x, 1)
HepLt ri(®)
y=[I—-CD(CD)T]ICD~" CD] o ,  w(x, 1) = AA(1)Gx(1) (32b)
r(t

where A e R"™?""9 B ¢ R" "™ and the remaining partitions have suitable dimension.
Now, define

71 (CD)* (CDY*CcD+t 0] [r
= y = , )7] (S Rp—t[
B (CD)* 0 I][r
that is
71 =(CD)'y = Cry where C = (CD)*CD** (33a)
72 = (CD) y(1) = (1) (33b)

Then, from (33), we can see that r, is measurable. Therefore, only the estimation of r; is required
to complete the state estimation; further, the dynamic equations of r; does not include any
unknown inputs.

Thus, in view of (32) and (33), the dynamics equations for r; are as follows:

Fi(f) = Anri(t) + Aara(t) + Biu(t)

71(1) = Cri(1) (34)

This means that to achieve an exact estimation of the state vector ry, the pair (41, C) should be
observable. The following lemma states the conditions of the observability of the pair (41, C) in
terms of 4, D, and C.

Lemma 2
The pair (411, C) is observable if and only if (2) has no invariant zeros.

The proof is given in Appendix.
Hence, the assumption Al yields that (4, C) is observable.

Copyright © 2007 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control 2007; 17:1734—1753
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3.2. Auxiliary dynamic systems and controls
From the previous definitions, we have that / is the least positive integer such that rank M, =
n — q. Following the procedure, used in 2, we have that M} equal to
C
CAy

My (35)

CAK!

Thus, we have that M; is the observability matrix of (41, C ). So, we are able to estimate () in
a finite time following the procedure suggested in the Section 2. But, in 2, due to the unknown
inputs, we need to use M x(¢) on-line to recover My x(¢). Thus, instead of recovering My, r(¢)
in each step, we suggest to recover only CA% ri(7) in each step, for k=1,...,/—1, and
reconstruct M;r;(¢) with each one of the vectors C‘A’l‘lrl(l).

The method we suggest to recover C A% ri(#) is very similar to that used in 2 to recover Mjx(t).
The main difference is the design of s¥. Therefore, we will not repeat all details of the procedure,
presenting below only the following algorithm.

Algorithm 3

Step A: Determine the value of the least positive integer / so that rank M; = n, where M, is
defined as in (39).

Step B: Design 7 as

(1) = A117(1) + A1ra(1) + Biu(r) + K(71(1) — CH(1))
Step C: Design the auxiliary system r, as
Fa(t) = A i(t) + Arora(1) + Biu(r)
and the output injection V% € R?7 is designed as
W = 20 s 2 sign(s), AP = o sign(s) (36)
where 4, and oy are constants satisfying
o> B> (1CAT Dt

e+ B +0) [ 2

A , 0<oO<l
‘ -0  Vau—p
with the sliding surface s© € R’ as
F1(t) = Cro(t) — [, v(r) dr for k=1

SO oy = { (37

2600y + CAKT (1) — CAN ra(t) — [ vP (o) de for k> 1

So, using Algorithm 3 and following the same procedure as in the proof of Lemma 1, we can
deduce that for a finite time #; the following identities hold:

s =s®(1)=0 for=1,...,1—1, =1 (38)

Copyright © 2007 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control 2007; 17:1734—1753
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and so
CAlr(ty = CAN () + 20 fork=1,....0—1, (=1

3.3. State estimation

Now, using (39), we can construct M;r; where M, is defined as in (35):

Miri(t) = M;i(t)+z Vt=t_,
where
Z ==t L D)
The premultiplication of (40) by M} leads to the equation
r(t) =)+ M z(t) Vizi-,
Again , a state estimator for r|(¢) is proposed in the following form:
Fi(1) = /(1) + M =(1)
From (41) and (42), it is clear that
A =r(t) Yzt

1745

(39)

(40)

(41)

(42)

(43)

and, as a consequence, it provides an exact state estimator for the original system (30) via the

following algebraic mapping:
1)

(t) = P!
0 (D) ()

], X(t)=x(t) Vi=t-

3.4. Parameters estimation

Let us construct a state estimator for the variable r, in the following form:

F(t) = AxF1(8) + Azara(0) + Ba(Du(t) + (1),  #2(0) = r2(0)

(44)

Then, define the sliding surface to be designed as the difference between r, and 7, that is,

a(t) = ry(t) — P»(2). So, in view of (32) and (43), we derive

6(1) = Al (@) — Au(0] + AA(DGx(1) — (1) (45)
Designing i(f) as a super twisting control
() = Zi(t) + Aloi(0)| '/ sign(oi(t),  Z(1) = o /to sign(o;(r)) dt
2> B> 1G] 1kl 2> +(15)_(10)+ ")\/E, 0<0<1
we obtain
a(t)=d(1)=0 forall =0 (46)
Copyright © 2007 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control 2007; 17:1734—1753
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Remark 1

Since w(x, f) = AA(f)Gx(t) is supposed to be bounded w', the constant f can be estimated from
(30). Other alternative is to estimate ||G|| ||x(¢)|| on-line (due to (44)) and, based on such
estimation, chose f sufficiently large.

Recalling that 7i(¢) = ri(¢) for all t>1,_;, from (45) and(46), one gets
AA()Gx(t) = 2(t) Vi=1- 47)

Since X = x(¢) for all 1>1¢,_, the estimation of the uncertain matrix AA4(f) may be carried out
by means of the identity in (47). Then any appropriate method, designed for parameter
estimation, may be applied (see, e.g. [26]). Supposing that AA(f) is a constant matrix
(AA(f) = AA), a continuous form of the least square (LS) procedure (used, for instance, in [27])
may be easily applied to generate the on-line estimates (AA(1)G) of (AAG). Postmultiplying (47)
by x(¢) and integrating one gets
r ! !

(AAG) /0_ x(0)x"(0) dQ] =/0_ 2(0)x"(0)do

or

r ot t -1
AAG = / 2(0)x"(0) de] { / x(0)xT(0) d@] (48)
L 9:[/_1 0=t,_,

Define '™ !(¢) = fot=t/,] )ﬁ)xT(H) d0 and suppose that det(I'(r)) #0 starting from some instant
to. Then, the estimates AA(7)G of AAG at time ¢ can be defined as follows:

AA(HG = [ /0 r z'(@)xT(Q)dO} L), t=t (49)

=11
Thus, comparing (48) and (49), it is clear that
AA(1)G = AAG  for all ¢> ¢ (50)

The form given in (49) for estimating AAG can be rewritten in a differential form. Indeed, taking
into account that I'(£)l""!(r) + T'(/)I""!(r) = 0 one has

1o

-1
I'(1) = —T()x()xT (OT(),  T(te) = [ /6 x(@)xT(O)dH}

=11

Thus, estimate (49) can be rewritten in a differential form as follows:

d — _
q; A40G) = [20) — IVIGIGNOINNGING (1)

Identity (50) is fulfilled under the supposition that in the estimation process is made without,
even small, disturbances, and there is no numerical errors. However, if this non-idealities appear
(as we know, they always appear), the parameters estimated can still converge to the original
ones. The sufficient conditions so that the identification error tends to zero are given in the
following lines.

In the case when non-idealities appear, we can write AAGx(t) = Z(f) + ¢ where ¢ is the error
between AAGx(¢) and Z(¢). Hence, using (48) and (51), the identification error can be expressed

Copyright © 2007 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control 2007; 17:1734—1753
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in the following manner:

[JAAG — AA(1)G|| = H [ /0 I [AA(t)Gx(t) — 2(1)]x " (0) d@} I'(2)

=1

1
(1) limsup [[(T'()]| <00, (2) -
=00 t

/ t &(0)x" (0) de] (1)
0

=111

- H (% /6 t (0)x" (0) d@) [(T(5)]

=11

which tends to zero if

t

e(0)x " (0) d0[—> 0
O=t;_, -0
The first condition is fulfilled if the, so-called, persistence excitation condition holds

1 t
lim inf Amin < / x(0)x"(0) d9> >0
t—00 t 0=1,_,

since

—1 t -1
lim sup || (£)]| = 1i§ninfzmin(tr(z))*l} - {npinmm G / x(0)xT(0) de)}
—00 —00 0

t—00 =1_

The second condition is usually fulfilled when the error (noise) &(¢) is ‘non-correlated with the
state of the system x(¢). Thus, by means of the time variable term AA(f)G we can estimate the
constant matrix AAG.

4. EXAMPLES

Here we consider two different examples: the first one includes the general case of Section 2, the
second one deals with the case considered in Section 3.

Example 1
Consider system (1) with the following matrices

[—0.86 0.68 0.12 0.66 —1.03] 1 0 0
023 —1.56 -2.58 123 —-0.21 0.5 0 0
A=|-12 183 -056 051 -183|, B=|07|, D=0 0
-1.77 108 -—-12 —-1.74 -1.87 1.2 05 0
052 12 —148 106 —2.07 14 ] 1 0]
[1 0 0 0 O 0 05
' 0.5cos(2t) + 0.43
C=(0 1 0 0 O, F=|0 1|, u=15sin27), w=
0.2 sin(¢) + 0.23
001 0O 0 1.5
Copyright © 2007 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control 2007; 17:1734—1753
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Following Algorithm 1, we obtain that the matrices M; (i = 1,2,3) are

—-0.59 047 062 034 —-0.55
096 —-0.14 —-022 0 O .15 -0.76 -0.70 0.19 0.22
0 —083 055 0 0} M 031 —-052 -141 039 044
047 =228 —-1.11 0.59 0.67

M, =

[ 0446 —1.727 —1.451 —-0357 0.698 ]

—-0.875 1.578 1.133  —1.871 —0.469

M; =] 1129 —-0.302 —-0.397 0.035 0.154
0.258 0395 —0.794 0.071 0.308

| 0388 —0.906 —0.191 0.107  0.462 |

and one can verify that det M3 #0 so in this case / = 3. So, we design X as in (9) with the gain K
satisfying A2, x, was designed in the form given by (19). The variables s%, v® (k = 1,2) were
designed according to (22) and (20), respectively. We used o) = 10, A; = 15, o, = 10, and 4, =
20. Figures 1 and 2 show the trajectories of the state x and the state estimator x (X is represented
by xe in the figures) where X was designed according to (28).

0 0.5 1 1.5 2 2.5 3 3.5 4
Time [s]

Figure 1. Trajectories of the first three components of x and xe = X for Example 1.

Copyright © 2007 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control 2007; 17:1734—1753
DOI: 10.1002/rnc



EXACT STATE ESTIMATION FOR LINEAR SYSTEMS 1749

3 T
\ — X
L \ 4 H
2 g -~ xe,
1t \\ 4
of \ E
a1t |
2 , , , . . . .
0 0.5 1 1.5 2 25 3 3.5 4
33—
21 vl B
10 ) B
! !
or \\ // _X5 |
-1t/ ! - - Xe, 1
) Y

0 05 1 15 2 25 3 35 4
Time [s]

Figure 2. Trajectories of the last two components of x and xe = X for Example 1.

Example 2
Consider system (30) with the parameters given by
0 —4 55 1 |
1 2 1
A=|1 =5 45|, B=|1|, D=|0]|, C=
2 1 1
I -1 -1 1 1

u=4sin(r), AA=[0.1 —0.1502], G=1I
First, the non-singular matrix P takes the form
0 1 0
= | —0.7071 0 0.7071
0.6154  0.5385 0.3846

DL
(cpytc

So the matrices of the reduced equation (34) are
—7961 3.372 5.5 1
A = , A= , Bi=
4215 —4.384 —3.889 0
Thus, in this case we need to design only one sliding surface s") with the corresponding vV, both

are designed in the form (37) and (36), respectively, with the gains o; = 20 and 4; = 30. Hence,
the state estimator is represented as (44)

, C=[-1.109 —0.392]

—0.538 —0.543 1

Fi(1) F1(1)
0= )*()]2 Lo (DY 3()
D) y(t D) y(t
—-0.538 0.870 1
Copyright © 2007 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control 2007; 17:1734—1753
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where 71 (¢) is designed according to (42). The trajectories of x and X (named in the figure xe) are
depicted in Figure 3, and the observation error x(¢) — X(¢) is depicted in Figure 4. The estimation
of A4 was carried out according to (51). Let us denote AA(¢) = [aei(?) aex(t) ae;(f)]. The
estimation AA(7) is depicted in Figure 5. In the figure we can note that the convergence to the
parameters is not so fast compared with the convergence of the observation error. This is
because of the numerical and observation errors affect the parameter estimation algorithm;
however, the parameters estimated stay in a zone of the original parameters.

50

—-10 L L L L L L L
0
Time [s]

Figure 3. Trajectories of the vector state (x) and the estimator (xe) for Example 2.

25

151 -

05} R

State estimation error
/

0 0.5 1 1.5 2 25 3 3.5 4
Time [s]

Figure 4. Estimation error x(¢) — X(¢) for Example 2.
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02Ff ;
\
0.15} a8,
0.1
0.05} \391
O L
-0.05
01+ ae, i
—0.15 \/—/ﬁ
2 25 3 35 4
Time[s]

Figure 5. Estimation AA(¢) of the uncertainty parameter matrix AA.

5. CONCLUSIONS

We suggested a state estimator for linear time invariant systems in the presence of unknown
inputs, which provides the exact values of the state vector in finite time. The conditions for the
realization of the state estimator suggested are equivalent to the strong observability of the
system and the knowledge of an upper bound of the unknown inputs. The suggested state
estimator is presented in an algebraic (non-differential) form. The observation scheme is based
on the concept of the, so-called, hierarchical supertwisting observation strategy, allowing
reconstruction of the state vector via an algebraic equation. Specifically, the state vector appears
as the sum of a linear observer and an equivalent output injection. For the case when the
parameter uncertainty could be considered as unknown inputs which are not creating invariant
zeros we use a continuous version of the LS method for parameter identification.

APPENDIX

Proof of Lemma 2
By the assertion of Lemma 2, we need to prove that

sl —A —-D sl — A“
rank =n+q < rank _ =n—gq
C C
for all s € C.
Let us define the non-singular matrix
(CD)*
(CD)*
Copyright © 2007 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control 2007; 17:1734—1753
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Thus, in view of (32) and (33)

sl—A4 —-D
rank =n+gq
C 0
L, 0[P O][si—4 —-D][P" 0
& rank =n+gq
0 U0 I, C 0 0 1
[sI — PAP™' —PD
& rank =n+gq
| vcp! 0
_SI — A11 —A12 0
—A21 sl — A22 -1 sl — A11
& rank _ =n+g¢q < rank _ =n—gq O
C 0 C
| 0 1 0
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