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Slow periodic motions in variable structure systems

L. Fridman

Singularly perturbed relay control systems (SPRCS) with stable periodic motion in
reduced systems are studied here. The slow motions integral manifold of such systems
consists of parts that correspond to different values of control and the solutions of
SPRCS contain the jumps from one part of the slow manifold to the other. The
theorems about existence and stability of the slow periodic solutions are proved. An
algorithm of asymptotic representation for this periodic solutions using a boundary
layer method is suggested.

1. Introduction

There is a wide class of relay control systems that work

in periodic regimes. For example, such regimes arise

every time in relay control systems with time delays

because a time delay does not allow an ideal sliding

mode to be realized and results in periodic oscillations

(Drakunov and Utkin 1992, Fridman et al. 1993,

Gouaisbaut et al. 1999). In controllers of exhaust gases

for fuel injector automotive control systems (e.g. Choi

and Hedrick 1996, Li and Yurkovitch 1999) the sensors

can measure only the sign of the controlled variable with

a delay. In such systems, only oscillations around zero

value can occur. In the controllers for stabilization of

underwater manipulators it is possible to realize only

oscillations because of the manipulators properties

(Bartolini et al. 1997). The different aspects of periodic

solutions to relay control systems are discussed in

(Concalves et al. 1998, Bernardo et al. 2001) using

Poincar�ee maps.

In this paper, I will investigate the existence and

stability of periodic solutions for singularly perturbed

relay control systems (SPRCS). SPRCS could describe,

for example, the behaviour of the fast actuators in the

control systems. For example, the complete model of

fuel injector systems taking into account the influence

of the car motor. Knowledge about the properties of

SPRCS is necessary in the controllers for stabilization

of underwater manipulator fingers to take into account

the influence of the elasticity of these fingers.

For smooth singularly perturbed systems there are two

main classes for slow periodic solutions. The slow

periodic solutions of the smooth singularly perturbed

systems ‘without jumps’ are situated on slow motion

integral manifolds (e.g. Wasov 1965). The other

important class of periodic solutions are the relaxation

solutions (Mishchenko and Rosov 1980), which contain

the ‘jumps’ from the neighbourhood of one stable

branch of the slow motions manifold to the neighbour-

hood of another one.

SPRCS was investigated by Fridman and Bogatyrev

(1992) (existence of stable slow motion integral mani-

fold) and Fridman (2001) (averaging and existence of

stable periodic solutions). Some control algorithms for

SPRCS was suggested by Sira Ramirez (1988), Heck

(1991), Su (1999), Innocenti et al. (2000) and Castro-

Linares et al. (2001).

The slow motions integral manifold of relay systems is

discontinuous and consists of at least two parts

corresponding to the different values of control

(figure 1). This means that the desired periodic solution

of the SPRCS should have jumps from the small neigh-

bourhood of one sheet of an integral manifold to the

neighbourhood of another one. From this viewpoint the

qualitative behavior of this periodic solution will be

nearer to the relaxation solution.

The main specific feature of systems with relaxation

oscillations is the following: at the moment of time cor-

responding to the jump from the neighbourhood of one

branch of the stable integral manifold to the neighbour-

hood of another one, the value of the righthand side is

small. That is why in order to find the asymptotic repre-

International Journal of Systems Science ISSN 0020–7721 print/ISSN 1464–5319 online # 2002 Taylor & Francis Ltd
http://www.tandf.co.uk/journals

DOI: 10.1080/0020772031000069977

Received 5 March 2002. Revised 4 April 2002. Accepted 14

November 2002.

National Autonomous University of Mexico, DEP-FI, UNAM,

Edifico ‘A’, Ciudad Universitaria, A.P. 70-256, C.P.04510, Mexico,

D.F., Mexico, e-mail: lfridman@verona.fi-p.unam.mx



sentation of the relaxation solution, it was necessary to
make special asymptotic representations.

The situation with SPRCS is different. The right-hand
side of an SPRCS switches immediately after the
switching moment and the righthand side of the fast
equations in SPRCS after this moment is very big. It
allows one to use the Tikhonov theorem (Tikhonov
1952, Vasil’eva et al. 1995) for the proof of existence
and stability of slow periodic solution to SPRCS, and
the standard boundary layer function method (Vasil’eva
and Butuzov 1973, Vasil’eva et al. 1995) for its
asymptotic representation.

2. Problem statement

2.1. Original and reduced systems’ specific features

Consider the system

�dz=dt ¼gðz; s; x; uÞ; ds=dt ¼ h1ðz; s; x; uÞ;

dx=dt ¼ h2ðz; s; x; uÞ; ð1Þ

where z 2 Rm; s 2 R; x 2 Rn; uðsÞ ¼ signðsÞ; g; h1; h2

are sufficiently smooth functions of their arguments
and � is a small parameter.

Suppose that ignoring additional dynamics, having
accepted � ¼ 0 and expressing z0 from the equation

gðz0; s; x; uÞ ¼ 0 ð2Þ
according the formula z0 ¼ ’ðs; x; uÞ, we obtain the
system

ds=dt ¼ h1ð’ðs; x; uÞ; s; x; uÞ ¼ H1ðs; x; uÞ;

dx=dt ¼ h2ð’ðs; x; uÞ; s; x; uÞ ¼ H2ðs; x; uÞ:
ð3Þ

We will suppose that for this system the sufficient con-
ditions for existence of the orbitally exponentially stable
isolated periodic solution hold. The parts of the periodic
solution of the reduced system corresponding to the
different values of control are situated in different
sheets of the slow motions integral manifold of
SPRCS. This means that the desired periodic solution

of the original system (1) contains internal boundary
layers describing the jumps from the one part of the
slow motions manifold to the another one. We will
find sufficient conditions for existence (see Section 3)
and orbital asymptotic stability (see Section 4) of the
isolated periodic solution of the original system (1),
which corresponds to the periodic solution of the
reduced system. Proposed results allow one to make
an important conclusion. Relay control design resulting
in the existence of an exponentially asymptotically stable
periodic solution is robust with respect to stable unmo-
delled dynamics. It is not true for sliding mode systems
because in those systems stable unmodelled dynamics of
order 2 or more yield to unstability (e.g. Fridman and
Levant 2002).

Let us denote as Z; X the domains of definition for
ðz; s; xÞ and ðs; xÞ: Suppose that the following conditions
are true:

10 h1; h2; g 2 C2½ �ZZ � ½	1; 1

;
20 the function z0 ¼ ’ðs; x; uÞ for all ðs; x; uÞ 2 � ¼

�XX � ½	1; 1
 is the isolated solution of equation (2).

2.2. Poincar�ee map generated by a reduced system

For investigation of stability in (1) and (3), it is
impossible to use methods based on linearization
because (1) and (3) are relay systems. In the paper for
investigating the periodic solutions to systems (1) and
(3), the Poincar�ee maps of the surface s ¼ 0 into itself
generated by those systems are using.

Let us define first the Poincar�ee map of surface s ¼ 0
into itself, generated by system (3) (figure 2). Consider
the solution of system (3) for u ¼ 1

d�ssþ0 =dt ¼ H1ð�ssþ0 ; �xxþ
0 ; 1Þ; d�xxþ

0 =dt ¼ H2ð�ssþ0 ; �xxþ
0 ; 1Þ ð4Þ

with initial conditions

�ssþ0 ð0Þ ¼ 0; �xxþ
0 ð0Þ ¼ �; � 2 V 
 Sþ

¼ f� : H1ð0; �; 1Þ > 0g: ð5Þ
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Figure 1. Two sheets of slow motions integral manifold.

Figure 2. Poincaré map )(�).



Suppose that for all � 2 V; t ¼ �ð�Þ is the smallest
positive root of equation �ssþ0 ð�ð�ÞÞ ¼ 0; such that

H1ð0; �xxþ
0 ð�ð�ÞÞ; 1Þ < 0;H1ð0; �xxþ

0 ð�ð�ÞÞ;	1Þ < 0: ð�Þ

Consequently, at t ¼ �ð�Þ the function u changes from 1
to 	1; the solution of system (3) for t > �ð�Þ until the
next switching moment will be the solution of the
Cauchy problem

d�ss	0 =dt ¼ H1ð�ss	0 ; �xx	
0 ;	1Þ; d�xx	

0 =dt ¼ H2ð�ss	0 ; �xx	
0 ;	1Þ;

ð6Þ

�ss	0 ð�ð�ÞÞ ¼ �ssþ0 ð�ð�ÞÞ; �xx	
0 ð�ð�ÞÞ ¼ �xxþ

0 ð�ð�ÞÞ:

Suppose now that at all � 2 V for �ssþ0 ðtÞ; which is the first
coordinate of the Cauchy problem (6) solution, there is a
smallest root Tð�Þ of equation �ss	0 ðTð�ÞÞ ¼ 0; such that

�xx	
0 ðTð�ÞÞ 2 V; H1ð0; �xx	

0 ðTð�ÞÞ;	1Þ > 0;

H1ð0; �xx	
0 ðTð�ÞÞ; 1Þ > 0: ð��Þ

Then �ð�Þ : � ! �xx	
0 ðTð�ÞÞ is the Poincar�ee map of the

surface s ¼ 0 into itself generated by system (3).
Then the fixed point of the Poincar�ee map �0 cor-

responding to the periodic solution is described by equa-
tion �ð�0Þ ¼ �0: The period and switching moment of
that periodic solution we will define in form
Tð�0Þ ¼ T0; �ð�0Þ ¼ �0: The conditions of periodicity
take the form

�ss	0 ðT0Þ ¼ �ssþ0 ð0Þ ¼ 0; �xx	
0 ðT0Þ ¼ �xxþ

0 ð0Þ:

To have a continuous periodic solution at the point we
should have

�ss	0 ð�0Þ ¼ �ssþ0 ð�0Þ ¼ 0; �xx	
0 ð�0Þ ¼ �xxþ

0 ð�0Þ:

Remark 1: Designing the Poincar�ee map �ð�Þ; one
needs the knowledge of the general solutions to the
reduced system (3). Generally, it is possible only when
the functions H1;H2 are linear.

Remark 2: Assumptions (*) and (**) allow one to
avoid the bifurcation due to the sliding in some part
of the map (Bernardino et al. 2001).

2.3. Existence and stability of the isolated periodic
solutions to the reduced system

Suppose that:

30 system (3) has an isolated T0 periodic
solution ð�ss0ðtÞ; �xx0ðtÞÞ; �0 is an isolated fixed point
of the Poincar�ee map �ð�Þ which corresponds
to ð�ss0ðtÞ; �xx0ðtÞÞ; moreover �ss0ð0Þ ¼ 0 and
det @�=@�ð�0Þ 6¼ 0;

40 jSpec @�=@�ð�0Þj < 1:

2.4. Stability of the fast motions

Suppose that

50 the equilibrium points

z0 ¼ ’ð�ss0ðtÞ; �xx0ðtÞ; 1Þ; t 2 ½0; �0
;

z0 ¼ ’ð�ss0ðtÞ; �xx0ðtÞ;	1Þ; t 2 ½�0;T0


to systems

dz=d� ¼ gð’ð�ss0ðtÞ; �xx0ðtÞ; 1Þ; �ss0ðtÞ; �xx0ðtÞ; 1Þ;

dz=d� ¼ gð’ð�ss0ðtÞ; �xx0ðtÞ;	1Þ; �ss0ðtÞ; �xx0ðtÞ;	1Þ

are uniformly asymptotically stable on ½0; �0
 and ½�0;T0

correspondingly. Moreover

Re Spec @gð’ð�ss0ðtÞ; �xx0ðtÞ; 1Þ; �ss0ðtÞ; �xx0ðtÞ; 1Þ=@z

< 	� < 0; t 2 ½0; �0
;

Re Spec @gð’ð�ss0ðtÞ; �xx0ðtÞ;	1Þ; �ss0ðtÞ; �xx0ðtÞ;	1Þ=@z

	� < 0; t 2 ½�0;T0
:

2.5. Attractivity conditions

The slow motions integral manifold to the original
system (1) consists of parts that correspond to different
values of relay control. We have to ensure that right
after the switching points the original system (1)
solution will tend to the other sheet of stable slow-
motions integral manifold corresponding to an other
value of control. Suppose that:

60 the points ’ð0; �0;	1Þ are ’ð0; �xx0ð�0Þ; 1Þ are situ-
ated in the interior of the attractive domain of
stable equilibrium points

’ð0; �0; 1Þ and ’ð0; �xx0ð�0Þ;	1Þ:

Denote as L0ðtÞ the broken line

L0ðtÞ ¼

’ð�ss0ðtÞ; �xx0ðtÞ; 1Þ for t 2 ð0; �0Þ;
’ð�ss0ðtÞ; �xx0ðtÞ;	1Þ for t 2 ð�0;T0Þ;
ð1 	 
Þ’ð0; �xx0ð�0Þ; 1Þ þ 
’ð0; �xx0ð�0Þ;	1Þ;


 2 ½0; 1
 for t ¼ �0;

ð1 	 
Þ’ð0; �0;	1Þ þ 
’ð0; �0; 1Þ;

 2 ½0; 1
 for t ¼ 0:

8>>>>>>>><
>>>>>>>>:

In this paper sufficient conditions are found for the
existence of the isolated orbitally asymptotically stable
periodic solution of system (1) near to the broken line

ðL0ðtÞ; �ss0ðtÞ; �xx0ðtÞÞ:

An algorithm for asymptotic representation of this
periodic solution is suggested.

Slow periodic motions in variable structure systems 1147



3. Existence of a periodic solution to SPRCS

Suppose that we have chosen the norm in R
n in

such way that the Poincar�ee map � is a contracting
map in the small neighborhood of �0 and moreover
k@�=@�ð�0Þk < q < 1:

Consider now the Poincar�ee map �ðz; x; �Þ of the sur-
face s ¼ 0 into itself generating by system (1).

Lemma 1: Under conditions 10–60 there is neighbour-
hood � of the point ð’ð0; �0; 1Þ; �0Þ on the surface s ¼ 0;
such that for every ð�; �Þ 2 � and for
ðzðt; �Þ; sðt; �Þ; xðt; �ÞÞ; which is the solution of system
ð1Þ with initial conditions

zð0; �Þ ¼ �; sðt; �Þ ¼ 0; xð0; �Þ ¼ �; ð7Þ

for sufficiently small � there exist
0 < �ð�; �; �Þ < Tð�; �; �Þ; such that

sð�ð�; �; �Þ; �Þ ¼ 0; sðTð�; �; �Þ; �Þ ¼ 0;

moreover the solution ðzðt; �Þ; sðt; �Þ; xðt; �ÞÞ is unique on

½0;Tð�; �; �Þ


and

�ðz; x; �Þ ¼ ðzðTð�; �; �Þ; �Þ; xðTð�; �; �Þ; �ÞÞ 2 �:

Proof: The functions ðzðt; �Þ; sðt; �Þ; xðt; �ÞÞ are differ-
entiable on �; �; � at the points t ¼ �0; T ¼ T0 (e.g.
Strygin and Sobolev 1988). Then from the implicit
function theorem it follows that there exists a closed
ball �UUð�Þ 
 V 2 R

n with radius � and center at the
point �0 such that for every � 2 �UUð�Þ:

. k@�=@�ð�Þk < q 0 < 1;

. for ð�ssþ0 ðtÞ; �xxþ
0 ðtÞÞ the solution of system (4) with initial

condition �ssþ0 ð0Þ ¼ 0; �xxþ
0 ð0Þ ¼ � there exist �ð�Þ; such

that �ssþ0 ð�ð�ÞÞ ¼ 0 and

d�ssþ0 =dtð�ð�ÞÞ ¼ H1ð0; �xxþ
0 ð�ð�ÞÞ; 1Þ < 0;

H1ð0; �xxþ
0 ð�ð�ÞÞ;	1Þ < 0;

. the point ’ð0; �xxþ
0 ð�ð�ÞÞ; 1Þ is an internal point of the

attractive domain of the stable equilibrium point
’ð0; �xxþ

0 ð�ð�ÞÞ;	1Þ;
. for ð�ss	0 ðtÞ; �xx	

0 ðtÞÞ; the solution of system (6) with
initial conditions

�ss	0 ð�ð�ÞÞ ¼ �ssþ0 ð�ð�ÞÞ; �xx	
0 ð�ð�ÞÞ ¼ �xxþ

0 ð�ð�ÞÞ;

there exists Tð�Þ such that

�ss	0 ðTð�ÞÞ ¼ 0;

d�ss	0 =dtðTð�ÞÞ ¼ H1ð0; �xx	
0 ðTð�ÞÞ; 1Þ > 0;

. �xx	
0 ðTð�ÞÞ 2 Uðq 0�Þ;

. �WW ¼ co’ð0; �UUð�Þ;	1Þ is situated in the interior of
the attractive domain for the stable equilibrium
point ’ð0; �xx	

0 ðTð�ÞÞ; 1Þ:

Then from Tikhonov’s theorem (e.g. Vasil’eva et al.
1995) and the implicit function theorem it follows for
every ð�; �Þ 2 �WW � �UUð�Þ there exists �0ð�; �Þ; such that
for all � 2 ½0; �0ð�; �Þ
:

. for solution the ðzþðt; �Þ; sþðt; �Þ; xþðt; �ÞÞ of system

� dzþ=dt ¼ gðzþ; sþ; xþ; 1Þ;

dsþ=dt ¼ h1ðzþ; sþ; xþ; 1Þ; dxþ=dt ¼ h2ðzþ; sþ; xþ; 1Þ
with initial condition (7), there exists �ð�; �; �Þ the
smallest positive root of equation

sþð�ð�; �; �Þ; �Þ ¼ 0;

dsþð�ð�; �; �Þ; �Þ=dt

¼ h1ðzþð�ð�; �; �Þ; �Þ; 0; xþð�; �Þ; 1Þ < 0;

h1ðzþð�ð�; �; �Þ; �Þ; 0; xþð�; �Þ;	1Þ < 0;

the point zþð�ð�; �; �Þ; �Þ; �Þ is situated in the attrac-
tive domain

’ð0; �xxþ
0 ð�ð�; �; �Þ; �ÞÞ;	1Þ;

for ðz	ðt; �Þ; s	ðt; �Þ; x	ðt; �ÞÞ; which is the solution
of system

� dz	=dt ¼ gðz	; s	;x	;	1Þ;

ds	=dt ¼ h1ðz	; s	; x	;	1Þ;

dx	=dt ¼ h2ðz	; s	; x	;	1Þ

with initial conditions

z	ð�ð�; �; �Þ; �Þ ¼ zþð�ð�; �; �Þ; �Þ;

s	ð�ð�; �; �Þ; �Þ ¼ sþð�ð�; �; �Þ; �Þ ¼ 0;

x	ð�ð�; �; �Þ; �Þ ¼ xþð�ð�; �; �Þ; �Þ;

there exists the smallest positive root
Tð�; �; �Þ>�ð�; �; �Þ of equation s	ðTð�; �; �Þ; �Þ¼0;
for which

ds	=dtðT ; �Þ ¼ h1ðz	ðT ; �Þ; 0; xþðT ; �Þ;	1Þ > 0;

and ðz	ðTð�; �; �Þ; �Þ; x	ðTð�; �; �Þ; �ÞÞ is situated in

ð’ð0;Uðð1 þ q 0Þ�=2Þ;	1Þ;Uðð1 þ q 0Þ�=2ÞÞ:
Moreover,

�ð�; �; 0Þ ¼ lim
�!0

�ð�; �; �Þ

¼ ð’ð0; x	ðTð�ÞÞ; 1Þ; x	ðTð�ÞÞÞ;

and for � ¼ �0 we will have

1148 L. Fridman



�ð’ð0; �0; 1Þ; �0; 0Þ ¼ ð’ð0; �0; 1Þ; �0Þ:
Then from the compactness of �WW � �UUð�Þ it follows that
there exists such �0; such that for every � 2 ½0; �0


�ð�; �; �Þ ¼ ð�1ð�; �; �Þ;�2ð�; �; �ÞÞ

¼ ðz	ðTð�; �; �Þ; �Þ; x	ðTð�; �; �Þ; �ÞÞ

the Poincar�ee map �ð�; �; �Þ of the surface s ¼ 0 into
itself, generated by system (1), is correctly defined on
the set � ¼ �WW � �UUð�Þ and transforms it into itself.
This means that �ð�; �; �Þ for all � 2 ½0; �0
 has on � a
fixed point, corresponding to the periodic solution of (1)
in the small neighbourhood of the broken line
ðL0ðtÞ; �ss0ðtÞ; �xx0ðtÞÞ. &

4. Uniqueness and stability of periodic solution to

SPRCS

Theorem 2: Under conditions 10–60 for sufficiently small
� there exists an orbitally asymptotically stable periodic
solution in the small neighbourhood of the broken line
ðL0ðtÞ; �ss0ðtÞ; �xx0ðtÞÞ with period Tð�Þ ! 0; for � ! 0
and boundary layers for t ¼ 0 and in the small vicinity
of t ¼ �0:

Proof: The derivatives of the Poincar�ee map with
respect to initial conditions �; � are smoothly dependent
on derivatives of the functions

zþð�ð�; �; �Þ; �Þ;xþð�ð�; �; �Þ; �Þ;

z	ðTð�; �; �Þ; �Þ; x	ðTð�; �; �Þ; �Þ

and �ð�; �; �Þ;Tð�; �; �Þ with respect to initial conditions,
which are smoothly dependent on �; � (Strygin and
Sobolev 1988).

Let us consider the new variable
� ¼ � 	 ’ð0; x	ðTð�ÞÞ;	1Þ: Then we will consider the
auxiliary operator

	ð�; �; �Þ ¼ ð	1ð�; �; �Þ;	2ð�; �; �ÞÞ

¼ ð�1ð�þ ’ð0; x	ðTð�ÞÞ;	1Þ; �; �Þ

	 ’ð0; x	ðTð�ÞÞ;	1Þ;

�2ð�þ ’ð0; x	ðTð�ÞÞ;	1Þ; �; �ÞÞ:

It is necessary to remark that for � ¼ 0 the point ð0; �0Þ
is a fixed point of the operator 	 , and 	 itself for
sufficiently small �; ��� transforms into itself the set

Mð�; �; ���Þ ¼ fð�; �; �Þ : k�k < �; x 2 �UUð�Þ; � 2 ½0; ���
g:
Let us find the derivative of 	 with respect to � and �:

For � ¼ 0 the value 	ð�; �; 0Þ does not depend on �; and
	1ð�; �; 0Þ does not depend on �. This means that

@	

@ð�; �Þ ¼
Oð�Þ Oð�Þ
Oð�Þ @�=@�ð�0Þ þOð�Þ

� �
:

Now it is possible to choose �; ��� > 0 such that for some
q1ðq1 < 1Þ

sup
Mð�;�;���Þ

���� @	

@ð�; �Þ

���� < q1 < 1:

This means that 	ð�; �; �Þ is a contractive operator on
Mð�; �; ���Þ and has an unique fixed point which corre-
sponds to the orbitally asymptotically stable periodic
solution of system (1). &

5. Algorithm of asymptotic representation for the

periodic solution to SPRCS

Suppose that h1; h2; g 2 Ckþ3½ �ZZ � ½	1; 1

; and condi-
tions 10–60 hold.

Denote by y ¼ ðzT; sT; xTÞT: Then we will find the
asymptotic representation of the periodic solution of
system (1) on the time segment ½0;Tð�Þ
; period Tð�Þ
and switching point �ð�Þ

Ykðt; �Þ ¼
Xk

i¼0

½�yyiðtÞ þ
 þ
i yð�Þ þ 
	

i yð� kþ1Þ
�i; ð8Þ

Skðt; �Þ ¼
Xk

i¼0

½�ssiðtÞ þ 
þ
i sð�Þ þ 
	

i sð� kÞ
�i;

Xkðt; �Þ ¼
Xk

i¼0

½�xxiðtÞ þ 
þ
i xð�Þ þ 
	

i xð� kÞ
�i;

�ð�Þ ¼ �0 þ ��1 þ � � � þ �k�k þ � � � ;

Tð�Þ ¼ T0 þ �T1 þ � � � þ �kTk þ � � � ;

�ð�Þ ¼ Tð�Þ 	 �ð�Þ;

where

� ¼ t=�; �k ¼ ðt	 ~��kþ1ð�ÞÞÞ=�;
~��kþ1ð�Þ ¼ �0 þ ��1 þ � � � þ �kþ1�kþ1;

~��kþ1ð�Þ ¼ �0 þ ��1 þ � � � þ �kþ1�kþ1;

~TTkð�Þ ¼ T0 þ �T1 þ � � � þ �kTk;

k
	
i yð�Þk < Ce	
� ;C; 
 > 0;


	
i yð�Þ � 0 for � < 0;

k
þ
i yð�kþ1Þk < Ce	
�kþ1 ;


þ
i yð�kþ1Þ � 0 for �kþ1 < 0:

Let us denote

�yy0ðtÞ ¼

�yy þ
0 ðtÞ ¼ ð’ð�ssþ0 ðtÞ; �xxþ

0 ðtÞ; 1Þ; �ssþ0 ðtÞ; �xxþ
0 ðtÞÞ

for t 2 ½0; �0
;
�yy 	

0 ðtÞ ¼ ð’ð�ss	0 ðtÞ; �xx	
0 ðtÞ; 1Þ; �ss	0 ðtÞ; �xx	

0 ðtÞÞ
for t 2 ½�0;T0
:

8>>>><
>>>>:
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Function 
þ
0 zð�Þ is defined by equation

d
þ
0 z=d� ¼ gð
þ

0 zþ ’ð0; �xx þ
0 ð0Þ; 1Þ; 0; �xxþ

0 ð0Þ; 1Þ;


þ
0 zð0Þ ¼ ’ð0; �xxþ

0 ð0Þ;	1Þ 	 ’ð0; �xxþ
0 ð0Þ; 1Þ;

and 
	
0 zð�Þ by

d
	
0 z=d� ¼ gð
	

0 zþ ’ð0; �xx 	
0 ð�0Þ; 1Þ; �ss	0 ð�0Þ; �xx	

0 ð�0Þ; �0Þ;


	
0 zð0Þ ¼ ’ð0; �xx	

0 ð�0Þ; 1Þ 	 ’ð0; �xxþ
0 ð�0Þ;	1Þ:

To find �ss�1 ðtÞ; �xx�
1 ðtÞ; �zz�1 ðtÞ we have the system of linear

equations

�zzþ1 ðtÞ ¼ 	½g0þz 
	1ðg0þs �ss þ
1 þ g0þx �xx þ

1 þ g þ
1 ðtÞÞ;

d�ss þ
1 =dt ¼ h0þ1z ðtÞ�zz1

þðtÞ þ h0þ1s �ss
þ
1 ðtÞ þ h0þ1x�xx

þ
1 ðtÞ;

d�xxþ
1 =dt ¼ h0þ2z ðtÞ�zzþ1 ðtÞ þ h0þ2s �ss

þ
1 ðtÞ þ h0þ2x�xx

þ
1 ðtÞ;

�zz	1 ðtÞ ¼ 	½g0	z 
	1ðg0	s �ss	1 þ g0	x �xx	
1 þ g 	

1 ðtÞÞ;

d�ss	1 =dt ¼ h0	1z ðtÞ�zz	1 ðtÞ þ h0	1s �ss
	
1 ðtÞ þ h0	1x�xx

	
1 ðtÞ;

d�xx	
1 =dt ¼ h0	2z ðtÞ�zz	1 ðtÞ þ h0	2s �ss

	
1 ðtÞ þ h0	2x�xx

	
1 ðtÞ:

ð9Þ

Here the upper index � means that we have found the
value of corresponding functions at the points ð’ð�ss�0 ðtÞ;
�xx�

0 ðtÞ;�1Þ; �ss�0 ðtÞ; �xx�
0 ðtÞ;�1Þ. To find 
�

1 z; 

�
1 s; 


�
1 x we

will have the linear system

d
þ
1 z=d� ¼ g0z


þ
1 zþ g0s


þ
1 sþ g0x


þ
1 xþ 
þ

1 gð�Þ;

d
þ
1 s=d� ¼ 
þ

0 h1 ¼ h1ð�zzþ0 ð0Þ þ
þ
0 z; 0; �xx

þ
0 ð0Þ; 1Þ

	 h1ð�zzþ0 ð0Þ; 0; �xxþ
0 ð0Þ; 1Þ;

d
þ
1 x=d� ¼ 
þ

0 h2 ¼ h2ð�zzþ0 ð0Þ þ
0z; 0; �xx
þ
0 ð0Þ; 1Þ

	 h2ð�zzþ0 ð0Þ; 0; �xxþ
0 ð0Þ; 1Þ;

d
	
1 z=d� ¼ g0z


	
1 zþ g0s


	
1 sþ g0x


	
1 xþ 
	

1 gð�Þ;

d
	
1 s=d� ¼ 
	

0 h1 ¼ h1ð�zz	0 ð�0Þ þ
	
0 z; 0; �xx

	
0 ð�0Þ;	1Þ

	 h1ð�zz	0 ð�0Þ; 0; �xx	
0 ð�0Þ;	1Þ;

d
	
1 x=d� ¼ 
	

0 h2 ¼ h2ð�zz	0 ð�0Þ þ
	
0 z; 0; �xx

	
0 ð�0Þ;	1Þ

	 h2ð�zz	0 ð�0Þ; 0; �xx	
0 ð�0Þ;	1Þ;

where �zzþ0 ð0Þ ¼ ’ð0; x0; 1Þ; �zz	0 ð�0Þ ¼ ’ð0; �xxþ
0 ð�0Þ;	1Þ:

The upper index þ means that the derivatives of func-
tion g are computed at the point

ð�zzþ0 ð0Þ þ 
þ
0 z; 0; �xx0; 1Þ;

and the upper index 	 means that the derivatives of
function g are computed at the point

ð�zz	0 ð�0Þ þ
	
0 z; 0; �xx

	
0 ð�0Þ;	1Þ:

The initial conditions for the boundary layer functions
for the slow coordinates can be found from the expres-
sions


þ
1 sð0Þ ¼

ð0

1

þ

0 h1ð�Þd�; 
þ
1 xð0Þ ¼

ð0

1

þ

0 h2ð�Þd�;


	
1 sð0Þ ¼

ð0

1

	

0 h1ð�Þd�; 
	
1 xð0Þ ¼

ð0

1

	

0 h2ð�Þd�:

Then �ssþ1 ð0Þ ¼ 	
þ
1 sð0Þ; �ss	1 ð�0Þ ¼ 	
	

1 sð0Þ:
Equating the first-order terms in the asymptotic repre-

sentation of equations sðTð�Þ; �Þ ¼ 0 and sð�ð�Þ; �Þ ¼ 0
correspondingly, we will have

�1H1ð0; �0;	1Þ þ �ss	1 ðT0Þ ¼ 0;

�1H1ð0; �xxþ
0 ð�0Þ; 1Þ þ �ssþ1 ð�0Þ ¼ 0: ð10Þ

�1 and �1 can be uniquely expressed through �ssþ1 ð0Þ and
�ss	1 ð�0Þ by formulas

�1 ¼ 	½H1ð0; �0;	1Þ
	1�ss 	
1 ðT0Þ;

�1 ¼ 	½H1ð0; �xxþ
0 ð�0Þ; 1Þ
	1�ss þ

1 ð�0Þ:

Substituting these expressions in the continuity and per-
iodicity conditions we will have

�xx	
1 ð�0Þ þ 
	

1 xð0Þ ¼ �xxþ
1 ð�0Þ þ �1H2ð0; �xxþ

0 ð�0Þ; 1Þ; ð11Þ

�xxþ
1 ð0Þ þ 
þ

1 xð0Þ ¼ �xx	
1 ðT0Þ þ�1H2ð0; � 0;	1Þ: ð12Þ

It is necessary to remark that the values �xx þ
1 ð�0Þ; �xx 	

1 ðT0Þ
are linearly depending on �xxþ

1 ð0Þ; �xx	
1 ð�0Þ: Then, express-

ing �xx	
1 ð�0Þ via �xxþ

1 ð0Þ from equation (12) and
substituting this expression in (11), we will have a
linear equation for �xxþ

1 ð0Þ: The determinant of this
system coincides with detð@�=@�Þð�0Þ: This means that
the initial conditions �ssþ1 ð0Þ; �xxþ

1 ð0Þ; �ss	1 ð�0Þ; �xx	
1 ð�0Þ can be

found uniquely. To find the first approximation of s; x it
is necessary to define the functions �ssþi ðtÞ; �xxþ

i ðtÞ; i ¼ 0; 1
on segment ½0; ~TT1ð�Þ
 as

�yyiðtÞ ¼

�yy þ
i ðtÞ ¼ ð�zzþi ðtÞ; �ssþi ðtÞ; �xxþ

i ðtÞÞ
for t 2 ½0; ~��1ð�Þ
;

�yy 	
i ðtÞ ¼ ð�zz	i ðtÞ; �ss	i ðtÞ; �xx	

i ðtÞÞ
for t 2 ½~��1ð�Þ; ~TT1ð�Þ
; i ¼ 0; 1:

8>>>><
>>>>:

Initial conditions for 
�
1 z are uniquely defined by

equations

�zzþ1 ð0Þ þ
þ
1 zð0Þ ¼ �zz	1 ðT0Þ þ�1d�zz	0 =dtðT0Þ;

�zz	1 ð�0Þ þ
	
1 zð0Þ ¼ �zzþ1 ð�0Þ þ �1d�zzþ0 =dtð�0Þ:

To find the first approximation of variable z it is
necessary to find �2 and substitute it in the function

	

1 zð�2Þ:
Suppose now, that we have found the functions

z�j ðtÞ; s�j ðtÞ; x�
j ðtÞ;
�

j zð�Þ;
�
j sð�Þ;
�

j xð�Þ

and constants �j;�j ; j ¼ 1; :::; k	 1:
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Then to find �ss�k ðtÞ; �xx�
k ðtÞ; �zz�k ðtÞ we will have the system

of linear differential equations

�zzþk ðtÞ ¼ 	½g0þz 
	1ðg0þs �ss þ
k þ g0þx �xx þ

k þ g þ
k ðtÞÞ;

d�ss þ
k =dt ¼ h0þ1z ðtÞ�zzk þðtÞ þ h0þ1s �ss

þ
k ðtÞ þ h0þ1x�xx

þ
k ðtÞ þ hþ1kðtÞ;

d�xxþ
k =dt ¼ h0þ2z ðtÞ�zzþk ðtÞ þ h0þ2s �ss

þ
k ðtÞ þ h0þ2x�xx

þ
k ðtÞ þ hþ2kðtÞ;

�zz	k ðtÞ ¼ 	½g0z
	1ðg0	s �ss	k þ g0	x �xx	
k þ g 	

k ðtÞÞ;

d�ss	k =dt ¼ h0	1z ðtÞ�zz	k ðtÞ þ h0	1s �ss
	
k ðtÞ þ h0	1x�xx

	
k ðtÞ þ h	1kðtÞ;

d�xx	
k =dt ¼ h0	2z ðtÞ�zz	k ðtÞ þ h0	2s �ss

	
k ðtÞ þ h0	2x�xx

	
k ðtÞ þ h	2kðtÞ;

ð13Þ
here the upper index � means that we have found the
value of corresponding functions at the points

ð’ð�ss�0 ðtÞ; �xx�
0 ðtÞ;�1Þ; �ss�0 ðtÞ; �xx�

0 ðtÞ;�1Þ:
The functions g�k ðtÞ; h�1kðtÞ; h�2kðtÞ are uniquely deter-
mined functions depending on

�zz�j ðtÞ; �ss�j ðtÞ; �xx�
j ðtÞ; �j ; �j; j ¼ 1; :::; k	 1:

For 
�
k z; 


�
k s; 


�
k x we will have the linear system

d
þ
k z=d� ¼ g0z


þ
k zþ g0s


þ
k sþ g0x


þ
k xþ
þ

k gð�Þ;

d
þ
k s=d� ¼ 
þ

k	1h1; d
þ
k x=d� ¼ 
þ

k	1h2;

d
	
k z=d� ¼ g0z


	
k zþ g0s


	
k sþ g0x


	
k xþ
	

k gð�Þ;

d
	
k s=d� ¼ 
	

k	1h1; d
	
k x=d� ¼ 
	

k	1h2;

where the upper index þ means that the derivatives of
function g are computed at the point

ð�zzþ0 ð0Þ þ 
þ
0 z; 0; �xx0; 1Þ;

the upper index 	 means that the derivatives of function
g are computed at the point

ð�zz	0 ð�0Þ þ
	
0 z; 0; �xx

	
0 ð�0Þ;	1Þ;


�
k	1h1; 


�
k	1h2 are the functions dependent on the


�
j zð�Þ;
�

j sð�Þ;
�
j xð�Þ; j ¼ 1; :::; k	 1 only.

The initial conditions for the boundary layer func-
tions are dependent on the inequalities


þ
k sð0Þ ¼

ð0

1

þ

k	1h1ð�Þd�;


þ
k xð0Þ ¼

ð0

1

þ

k	1h2ð�Þd�;


	
k sð0Þ ¼

ð0

1

	

k	1h1ð�Þd�;


	
k xð0Þ ¼

ð0

1

	

k	1h2ð�Þd�:

Then �ssþk ð0Þ ¼ 	
þ
k sð0Þ; �ss	k ð�0Þ ¼ 	
	

k sð0Þ:
To find the initial condition functions �xxþ

k ð0Þ; �xx	
k ð�0Þ

we have to equate the kth asymptotic representation in

equalities sðTð�Þ; �Þ ¼ 0 and sð�ð�Þ; �Þ ¼ 0: Then we
will have

�kH1ð0; �0;	1Þ þ �ss	k ðT0Þ þ S	
k ¼ 0;

�kH1ð0; �xxþ
0 ð�0Þ; 1Þ þ �ssþk ð�0Þ þ Sþ

k ¼ 0:
ð14Þ

Expressing �k;�k and substituting the corresponding
formulas in the conditions of continuity and periodicity
we obtain

�xx	
k ð�0Þ þ
	

k xð0Þ ¼ �xxþ
k ð�0Þ þ �kH2ð0; �xxþ

0 ð�0Þ; 1Þ þ Xþ
k

ð15Þ

�xxþ
k ð0Þ þ 
þ

k xð0Þ ¼ �xx	
k ðT0Þ þ�kH2ð0; � 0;	1Þ þ X	

k :

ð16Þ
Here S�

k ; X�
k is the function depending on �ss þ

j ð�0Þ;
�xxþ
j ð�0Þ; �ss	j ðT0Þ; �xx	

j ðT0Þ; j ¼ 1; . . . ; k	 1:
�k and �k could be uniquely expressed trough �xxþ

k ð0Þ
and �xx	

k ð�0Þ in the form

�k ¼ 	½Hkð0; �0;	1Þ
	1½�ss 	
k ðT0Þ þ S	

k 
;

�k ¼ 	½Hkð0; �xxþ
0 ð�0Þ; 1Þ
	1½�ssþk ð�0Þ þ Sþ

k 
:

Here �xxþ
k ð�0Þ; �xx 	

k ðT0Þ are linearly dependent on
�xxþ
k ð0Þ; �xx	

k ð�0Þ: Then substituting the formulas for
�k;�k into the conditions of continuity (15) and periodi-
city (16) we will have the system of algebraic equations
which depends linearly on �xxþ

k ð0Þ; �xx	
k ð�0Þ: Now it is

possible to express �xx	
k ð�0Þ via �xxþ

k ð0Þ from the periodicity
conditions (16). Then, substituting this expression in
(15), we will have the system of algebraic equations
linear in �xxþ

k ð0Þ: The determinant of this system coincides
with detð@�=@�Þð�0Þ:

This means that �ssþk ð0Þ; �xxþ
k ð0Þ; �ss	k ð�0Þ; �xx	

k ð�0Þ are
defined uniquely. Now to find Skðt; �Þ;Xkðt; �Þ its neces-
sary to define functions �ssþi ðtÞ; �xxþ

i ðtÞ on the segment
½0; ~��kð�Þ
 as

�yyiðtÞ ¼

�yy þ
i ðtÞ ¼ ð�zzþi ðtÞ; �ssþi ðtÞ; �xxþ

i ðtÞÞ
for t 2 ½0; ~��kð�Þ
;

�yy 	
i ðtÞ ¼ ð�zz	i ðtÞ; �ss	i ðtÞ; �xx	

i ðtÞÞ
for t 2 ½~��kð�Þ; ~TTkð�Þ
; i ¼ 0; . . . ; k:

8>>>><
>>>>:

The initial conditions for 
�
k z are uniquely defined

from equations

�zzþk ð0Þ þ
þ
k zð0Þ ¼ �zz	k ðT0Þ þ�kd�zz	0 =dtðT0Þ þ Z	

k ;

�zz	k ð�0Þ þ
	
k zð0Þ ¼ �zzþk ð�0Þ þ �kd�zzþ0 =dtð�0Þ þ Zþ

k ;

where Z�
k are the functions depending on �zzþj ð�0Þ; �zz	j ðT0Þ;

j ¼ 1; . . . ; k	 1:
To finish with a kth order asymptotic representation it

is necessary to find the value �kþ1 and introduce this
value into the function 
	

k zð�kþ1Þ:

Therem 3: Under conditions 10–60
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j ~TTkð�Þ 	 Tð�Þj < C�kþ1

uniformly on ½0; T̂Tð�Þ
; where

T̂Tð�Þ ¼ maxfTð�Þ; ~TTkþ1ð�Þg;
the following inequalities are true

kyðt; �Þ 	 Ykðt; �Þk < C�kþ1;

kðsðt; �Þ; xðt; �ÞÞ 	 ðSkðt; �Þ;Xkðt; �ÞÞk < C�kþ1: ð17Þ

Theorem 3 follows from Theorem 2 and Lemma 4,
which will be proved in Appendix 1.

6. Example

Let us show the existence of orbitally asymptotically
stable periodic solutions for a singularly perturbed
relay system in form

� dz=dt ¼ 	z	 u; ds=dt ¼ xþ u=2;

dx=dt ¼ 	xþ z; u ¼ sign½sðtÞ
; ð18Þ

where z; s; x 2 R; � is small parameter. For � ¼ 0 system
(18) has the form

�zz0 ¼ 	u; d�ss0=dt ¼ �xx0 þ u=2; d�xx0=dt ¼ 	�xx0 	 u: ð19Þ
Then the solution of system (19) with initial conditions

�xxþ
0 ð0Þ ¼ � > 0; �ssþ0 ð0Þ ¼ 0

takes the form

�xx0
þðt; �Þ ¼ e	tð� þ 1Þ 	 1;

�ssþ0 ðt; �Þ ¼ ð1 	 e	tÞð� þ 1Þ 	 t=2:

System (19) is symmetrical with respect to the origin.
Consequently, the semiperiod �0 of its periodic solution
and fixed point �0 of the Poincar�ee map �ð�Þ (figure 2)
are defined by equations

�ssþ0 ð�0; �0Þ ¼ 0; �xxþ
0 ð�0; �0Þ ¼ 	�0;

and consequently

�0 ¼ 1 	 e	�0

1 þ e	�0
; �0 ¼ �0=4:

Then �0 � 3:83; �0 � 0:96:
Moreover

ð@�=@�Þ1=2ð�0Þ ¼
1 	 e	�0 	 �0

e�0 	 �0 	 1
� 	0:07:

This means that for system (18) the conditions of
Theorems 2 and 3 hold.

The slow part of the zero approximation of the
desired periodic solution for coordinate z has the form

�zz0ðtÞ ¼
�zzþ0 ðtÞ ¼ 1 for 0 � t � �0;

�zz	0 ðtÞ ¼ 	1; for �0 � t � T0:

(

The zero-order boundary layer functions satisfy the
equations

d
þ
0 z=d� ¼ 	
þ

0 z; 
þ
0 zð0Þ ¼ 2; 
þ

0 zð�þÞ ¼ 2e	�þ ;

d
	
0 z=d� ¼ 	
	

0 z; 
	
0 zð0Þ ¼ 	2; 
	

0 zð�	Þ ¼ 	2e	�	 :

The equations for the first-order terms of the regular
part take the form

�zz�1 ¼ 0; d�ss�1 =dt ¼ x �
1 ; d�xx�

1 =dt ¼ 	�xx�
1 ;

and consequently

�xxþ
1 ðt; �xxþ

1 ð0ÞÞ ¼ �xxþ
1 ð0Þe	t;

�ssþ1 ðtÞ ¼ ð1 	 e	tÞ�xxþ
1 ð0Þ þ �ssþ1 ð0Þ;

�xx	
1 ðt; �xx	

1 ð�0ÞÞ ¼ �xx	
1 ð�0Þe	ðt	�0Þ;

�ss	1 ðtÞ ¼ ð1 	 e	ðt	�0ÞÞ�xx	
1 ð�0Þ þ �ss	1 ð�0Þ:

Now the first order boundary layer terms are described
by equations


þ
1 sð�Þ � 0; 
þ

1 sð0Þ ¼ 0;


þ
1 xð�Þ ¼

ð�
1

þ

0 zð�Þd�; 
þ
1 xð0Þ ¼ 	2;


	
1 sð�Þ � 0; 
	

1 sð0Þ ¼ 0;


	
1 xð�Þ ¼

ð�
1

þ

0 zð�Þd�; 
	
1 xð0Þ ¼ 2:

Then �ssþ1 ð0Þ ¼ �ss	1 ð�0Þ ¼ 0:
Equations for �1 and �1 in that case have the form

�1ð�0 	 1=2Þ þ �ss	1 ðT0Þ ¼ 0;

�1ð�xxþ
0 ð�0Þ þ 1=2Þ þ �ssþ1 ð�0Þ ¼ 0;

and consequently �1 and �1 can be expressed via �xxþ
1 ð0Þ;

�xx	
1 ð�0Þ according to the formulas

�1 ¼ 	ð1 	 e	�0Þ�xxþ
1 ð0Þ

�xxþ
0 ð�0Þ þ 1=2

; �1 ¼ 	ð1 	 e	�0Þ�xx	
1 ð�0Þ

�0 	 1=2
:
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Taking into account the symmetry of (19) we will have

�1 ¼ 2�xxþ
1 ð0Þ

1 	 e	2�0

1 	 3e	�0
:

Then the condition of continuity has the form

	�xxþ
1 ð0Þ þ
	

1 ð0Þ ¼ �xxþ
1 ð0Þ

�
	 3e	�0 þ e	2�0

1 	 3e	�0

�
:

Now

�xxþ
1 ð0Þ ¼ 2

1 	 3e	�0

e	2�0 	 6e	�0 þ 1
� 2:15;

�1 ¼ 4
1 	 e	2�0

e	2�0 	 6e	�0 þ 1
� 4:60:

The asymptotic representation of the semiperiod for the
desired periodic solution has the form

Tð�Þ � 3:83 þ 4:60�þOð�2Þ:

The results of asymptotic representation of the x co-
ordinate for system (18) solution are shown in the
figures 4 and 5.

7. Conclusions

The singularly perturbed relay control systems (SPRCS)
having exponentially orbitally stable periodic motions
for the reduced systems have been studied. It is shown
that the slow motions integral manifold of SPRCS
consists of parts corresponding to different values of
control. Sufficient conditions are found for existence of
the isolated exponentially orbitally stable periodic
solutions. It is proved that such periodic solutions
contain the jumps from one part of the slow manifold
to the other. An algorithm for the asymptotic
representation of this periodic solutions basing on the
boundary functions method is suggested.

It allows one to conclude that relay control design
based on the existence of exponentially stable periodic
solutions is robust with respect to stable unmodeled
dynamics. It is not true for sliding mode systems (e.g.
Fridman and Levant 2002).

Appendix 1: Asymptotic representations of SPRCS

solutions with the finite number of switchings

Consider the solution of the Cauchy problem for system
(1) with initial conditions (1). Suppose that for system
(1) conditions 10–30 are true and moreover:

4* there exists a smallest positive root of equation
�ssþ0 ð�0Þ ¼ 0; where ð�ssþ0 ðtÞ; �xxþ

0 ðtÞÞ is the solution of
system (4) with initial conditions �ssþ0 ð0Þ ¼ 0;
�xxþ

0 ð0Þ ¼ � and moreover

d�ssþ0 =dtð�0Þ ¼ H1ð0; �xxþ
0 ð�0Þ; 1Þ < 0

H1ð0; �xxþ
0 ð�0Þ;	1Þ < 0:

5* the point ’ð0; �xxþ
0 ð�0Þ; 1Þ is the internal point of the

attractive domain for the equilibrium point
’ð0; �xxþ

0 ð�0Þ;	1Þ;
6* for every t 2 ½�0;T 
 there exists an unique

solution of system (6) ð�ss	0 ðtÞ; �xx	
0 ðtÞÞ with initial

conditions �ss	0 ð�0Þ ¼ 0; �xx	
0 ð�0Þ ¼ �xxþ

0 ð�0Þ; moreover
for every t 2 ½�0;T 
 sign �ss	0 ðtÞ < 0; ð’ð�ss	0 ðtÞ;
�xx	

0 ðtÞ;	1Þ; �ss	0 ðtÞ; �xx	
0 ðtÞÞ 2 Z:

Then from Tikhonov’s theorem (e.g. Vasil’eva et al.
1995), the implicit function theorem and conditions 4* it
follows that for sufficiently small � there exists a unique
solution of the Cauchy problem (1), (7) for u ¼ 1 until
the switching moment �ð�Þ ð�ð�Þ ! �0 for � ! 0Þ in
which this solution crosses the surface s ¼ 0:
Moreover, from condition 6* it follows that the solution
of the Cauchy problem (1), (7) is situated in the domain
s < 0 for every t 2 ½�ð�Þ;T 
: This means that the
solution of the Cauchy problem (1), (7) on ½0;T 

is reduced to the sequential solution of two Cauchy
problems:
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Figure 4. x coordinate for the periodic solution of a reduced

(points) and an original (line) system for lV 0:1.

Figure 5. x coordinate for a periodic solution of original (line)

system and its asymptotic (points) for lV 0:1.



(i) solution ðzþðt; �Þ; sþðt; �Þ; xþðt; �ÞÞ problem (1),(7)
for u ¼ 1;

(ii) solution ðz	ðt; �Þ; s	ðt; �Þ; x	ðt; �ÞÞ of system (1)
for u ¼ 	1 with initial conditions

z	ð�ð�Þ; �Þ ¼ zþð�ð�Þ; �Þ;

s	ð�ð�Þ; �Þ ¼ sþð�ð�Þ; �Þ ¼ 0;

x	ð�ð�Þ; �Þ ¼ xþð�ð�Þ; �Þ: ð20Þ

Let us find the asymptotic representation of the
switching moment �ð�Þ in (5), and the asymptotic repre-
sentation of the solution in (5).

The coefficients of representation (5) can be found
from equation

sþð�0 þ ��1 þ � � � þ �i�i þ � � � ; �Þ ¼ 0:

Suppose that �ssþ0 ðtÞ; �ssþ1 ðtÞ; . . . ; �ssþi ðtÞ; . . . the coefficients of
the asymptotic representation for the Cauchy problem
(i) using the boundary layer method are found. Then it is
possible to rewrite equation (7) in the form

�ssþ0 ð�0 � � � þ �i�i þ � � �Þ þ ��ssþ1 ð�0 þ � � � þ �i�i þ � � �Þ

þ � � � þ �i�ssþi ð�0 þ � � � þ �i�i þ � � �Þ þ � � � ¼ 0:

The boundary layer functions 
þsð�ð�Þ=�Þ are exponen-
tially small, which is why it is possible not to take those
functions into account. Then to find �i we have the
linear equations in the form

�iH1ð0; �xxþ
0 ð�0Þ; 1Þ þ pið�0; �1; . . . ; �i	1Þ ¼ 0;

where pi are the functions, depending on �0; �1; . . . ; �i	1

only. H1ð0; �xxþ
0 ð�0Þ; 1Þ < 0: Consequently constants

�0; �1; . . . ; �i; . . . can be found uniquely.
Suppose that we have found �0; �1; . . . ; �kþ1 and the

coefficients of the regular part in the asymptotic represen-
tation for the Cauchy problem (i) �yyþi ðtÞ; ði ¼ 1; . . . ; kÞ:

Let us find some special asymptotic approximation
for

�YYþ
k ð~��kð�Þ; �Þ ¼

Xk

i¼0

�yyþi ð~��kð�ÞÞ�i

which is the segment of the regular part in the
asymptotic representation yþð~��kð�Þ; �Þ: Taking into
account the asymptotic representation for functions
�yyþi ð~��kð�ÞÞ of degree �; consider ŶYþ

k ð~��kð�Þ; �Þ instead of
�YYþ
k ð~��kð�Þ; �Þ: Then

�YYþ
k ð~��kð�Þ; �Þ ¼ �yy 	

0 ð�0Þ þ �ð�yy þ
1 ð�0Þ þ �1d�yy

þ
0 =dtð�0ÞÞ þ � � �

Let us denote by ŶY	
k ð~��kð�Þ; �Þ the segment of this series

up to the �k degree. Now to find the asymptotic solution
of the Cauchy problem (1), (20) it is necessary to use the
asymptotic representation of system (1) for u ¼ 	1 with
initial conditions

y	ð~��kþ1ð�Þ; �Þ ¼ ŶYþ
k ð~��kð�Þ; �Þ: ð21Þ

Lemma 4: Under conditions 10–30 and 4*–6* there
exists a �0; such that for every � 2 ½0; �0
 there exists a
solution of Cauchy problem ð1Þ, ð7Þ on t 2 ½0;T 
 and
uniformly on ½0;T 
 inequality ð17Þ is true.

Proof: Suppose that for sufficiently small �
�ð�Þ < ~��kþ1ð�Þ: For some K1 > 0

j�ð�Þ 	 ~��kþ1ð�Þj < K1�
kþ2;

kyþð�ð�Þ; �Þ 	 ŶYþ
k ð�ð�Þ; �Þk < K1�

kþ1:

Then the solution of the Cauchy problem (1), (7) on the
segment ½�ð�Þ; ~��kþ1ð�Þ
 the solution (1), (7) coincides
with the solution of (1), (20) for u ¼ 	1 and for all
t 2 ½�ð�Þ; ~��kþ1ð�Þ


kz	ðt; �Þ 	 zþð�ð�Þ; �Þk

¼
ðt

�ð�Þ
kgðz	ð�; �Þ; s	ð�; �Þ; x	ð�; �Þ; 1Þd�=�k

< M1j~��kþ1ð�Þ 	 �ð�Þj=�;

kðs	ðt; �Þ; x	ðt; �ÞÞ 	 ðsþð�ð�Þ; �Þ; xþð�ð�Þ; �ÞÞk

< M2j~��kþ1ð�Þ 	 �ð�Þj;

k �YYþ
k ðt; �Þ 	 ŶYþ

k ð~��kð�Þ; �Þk < K2�
kþ1; K2 > 0;

M1 ¼ sup
�ZZ�½	1;1


kgðz; s; x; uÞk;

M2 ¼ sup
�ZZ�½	1;1


kðh1ððz; s; x; uÞ; h2ðz; s; x; uÞÞk:

This means that there exists K3 > 0; such that

kŶY	
k ð~��kð�Þ; �Þ 	 yþð~��kþ1ð�Þ; �Þk < K3�

kþ1:

This inequality ensures inequalities (17) on
½�ð�Þ; ~��kþ1ð�Þ
: Now from the boundary layer method
(Vasil’eva et al. 1995) it follows that the asymptotic
representations of the Cauchy problems (1), (21) and
(1), (21) on t 2 ½~��kþ1ð�Þ;T 
 coincide up to the terms �k

on the segments ½0; �ð�Þ
; ½~��kþ1ð�Þ;T 
 and consequently
the inequalities in (17) are true on the segment ½0;T 
:

The proof for the case ~��kþ1ð�Þ < �ð�Þ can be make
analogously.
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