This article was downloaded by:[UNAM - IIMAS]

On: 11 October 2007

Access Details: [subscription number 731622188]

Publisher: Taylor & Francis

Informa Ltd Registered in England and Wales Registered Number: 1072954
Registered office: Mortimer House, 37-41 Mortimer Street, London W1T 3JH, UK

W |nternational Journal of Systems
NAMGEIN Science
SCI ence Publication details, including instructions for authors and subscription information:

: http://www.informaworld.com/smpp/title~content=t713697751
' Observation of linear systems with unknown inputs via

high-order sliding-modes
Leonid Fridman & Arie Levant ®; Jorge Davila 2
8 Engineering Faculty, Department of Control, Division of Electrical Engineering,
National Autonomous University of Mexico, Ciudad Universitaria, Universidad
Nacional Autonoma de Mexico, Mexico, D.F, Mexico

Applied Mathematics Department, School of Mathematical Sciences, Tel-Aviv
University, Ramat-Aviv. Tel-Aviv 69978, Israel

Online Publication Date: 01 January 2007

To cite this Article: Fridman, Leonid, Levant, Arie and Davila, Jorge (2007)
'‘Observation of linear systems with unknown inputs via high-order sliding-modes', International Journal of Systems
Science, 38:10, 773 - 791

To link to this article: DOI: 10.1080/00207720701409538

URL: http://dx.doi.org/10.1080/00207720701409538

PLEASE SCROLL DOWN FOR ARTICLE

Full terms and conditions of use: http://www.informaworld.com/terms-and-conditions-of-access.pdf

This article maybe used for research, teaching and private study purposes. Any substantial or systematic reproduction,
re-distribution, re-selling, loan or sub-licensing, systematic supply or distribution in any form to anyone is expressly
forbidden.

The publisher does not give any warranty express or implied or make any representation that the contents will be
complete or accurate or up to date. The accuracy of any instructions, formulae and drug doses should be
independently verified with primary sources. The publisher shall not be liable for any loss, actions, claims, proceedings,
demand or costs or damages whatsoever or howsoever caused arising directly or indirectly in connection with or
arising out of the use of this material.



http://www.informaworld.com/smpp/title~content=t713697751
http://dx.doi.org/10.1080/00207720701409538
http://www.informaworld.com/terms-and-conditions-of-access.pdf

Downloaded By: [UNAM - [IMAS] At: 17:52 11 October 2007

International Journal of Systems Science
Vol. 38, No. 10, October 2007, 773-791

Taylor & Francis
Taylor & Francis Group

Observation of linear systems with unknown inputs
via high-order sliding-modes

LEONID FRIDMAN*¥, ARIE LEVANT{ and JORGE DAVILA+

tEngineering Faculty, Department of Control, Division of Electrical Engineering,
National Autonomous University of Mexico, Ciudad Universitaria,
Universidad Nacional Autonoma de Mexico, 04510, Mexico, D.F., Mexico
TApplied Mathematics Department, School of Mathematical Sciences,
Tel-Aviv University, Ramat-Aviv. Tel-Aviv 69978, Israel

(Received 22 February 2006, in final form 20 December 2006)

A high-order sliding-mode observer is designed for linear time invariant systems with single
output and unknown bounded single input. It provides for the global observation of the
state and the output under sufficient and necessary conditions of strong observability or
strong detectability. The observation is finite-time-convergent and exact in the strong
observability case. The accuracy of the proposed observation and identification schemes is
estimated via the sampling step or magnitude of deterministic noises. The results are extended

to the multi-input multi-output case.
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1. Introduction

1.1 Antecedents and motivation

Observation of system states in the presence of unknown
inputs is one of the most important problems in the
modern control theory. The standard conditions for
such observation (Hautus 1983) are obtained under
assumption that only the outputs are available without
their derivatives. In particular, the unknown inputs
need to match the known outputs. That requirement
does not hold even for mechanical systems, when
unknown forces are present, but only the position is
available (Davila et al. 2006). An adaptive observer
with convergence of the observation error to a bounded
zone was proposed by Rapaport and Gouze (1999).
Sliding-mode-based robust state observation is
developed successfully in the Variable Structure
Theory in recent years (Edwards and Spurgeon 1998,
Utkin et al. 1999, Barbot et al. 2002, Davila et al.
2005). The corresponding implementation issues
were extensively studied in Poznyak (2003) and

*Corresponding author. Email: lfridman(@servidor.unam.mx

Edwards et al. (2002). The sliding-mode-based observa-
tion has such attractive features as

e insensitivity (more than robustness) with respect to
unknown inputs;

e possibility to use the equivalent output injection in
order to reveal additional information.

Step-by-step vector-state reconstruction by means of
sliding modes is studied by Utkin et al. (1999), Xu and
Hashimoto (1993), Ahmed-Ali and Lamnabhi-
Lagarrigue (1999), Floquet and Barbot (2006). These
observers are based on a system transformation to a
triangular form and successive estimation of the state
vector using the equivalent output injection. The
corresponding sufficient conditions for observation of
lincar time invariant (LTI) systems with unknown
inputs were obtained in Utkin et al. (1999) and
Floquet and Barbot (20006).

Unfortunately, the realization of step-by-step
observers is based on conventional sliding modes and
requires filtration at each step due to imperfections of
analog devices or discretization effects. The hierarchical
observers based on super-twisting algorithm were
recently developed (Bejarano et al. 2006) in order to
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avoid the filtration. These observers make successive use
of the continuous super-twisting controller, based on
second-order sliding mode (Levant 1993). A modified
version of the super-twisting controller is also used in
the step-by-step observer by Floquet and Barbot
(2006). Unfortunately, also those observers are not free
of drawbacks:

(i) The super-twisting algorithm provides for the
best-possible asymptotic accuracy of the derivative
estimation at each single realization step (Levant
1998). In particular, with discrete measurements
the accuracy is proportional to the sampling step
7 in the absence of noises, and to the square
root of the input noise magnitude, if the above
discretization error is negligible. The step-by-step
and hierarchical observers use the output of the
super-twisting algorithm as noisy input at the next
step. As a result, the overall observation accuracy
is of the order /27, where r is the observability
index of the system. This means, for example, that
in order to implement the fourth-order derivative
observer with the 0.1 precision, and the unknown
fifth derivative being less than 1 in its absolute
value, the practically-impossible discretization step
7 =10"% is needed.

(i1) Similarly, in the presence of the measurement noise
with magnitude ¢ the estimation accuracy is propor-
tional to £/@"), which requires measurement noises
not-exceeding 107'¢ for the fourth-order derivative
implementation under the above conditions.

(ii1) The step-by-step observers Floquet and Barbot
(2006) provide for semiglobal finite-time stability
only, restricting the application of these observers
to the class of the systems for which the upper
bound of initial conditions might be estimated in
advance.

At the same time the rth-order robust exact sliding-
mode-based differentiator (Levant 2003) removes the
first issue providing for the rth derivative accuracy
proportional to the discretization step 7, and resolves
the second one providing for the accuracy &!/0+D.
Unfortunately, its straight-forward application requires
the boundness of the unknown (r+ 1)th derivative.
In practice it means that still only semiglobal observa-
tion of stable linear systems is allowed.

1.1.1 Main contribution. The observation and identifi-
cation algorithms are developed for LTI systems with
bounded unknown inputs, providing:

o global finite-time exact observation of the state vector
of strongly-observable systems;

e exact finite-time identification of smooth unknown
inputs of strongly observable systems;

e asymptotic estimation of unobservable states and
unknown inputs is achieved for strongly detectable
systems.

To realize this goal:

o Sufficient and necessary conditions of strong observa-
bility and strong detectability are formulated in the
terms of the system relative degrees with respect to
unknown inputs, which are also necessary in the
case of single-input—single-output (SISO) systems;

e An additional Luenberger-like linear term is intro-
duced ensuring the global convergence of the observer
error to some bounded region;

¢ A modification of the robust exact sliding-mode-based
differentiator (Levant 2003) is suggested providing for
the finite time convergence of the observation error in
the presence of unknown inputs;

e The asymptotic accuracy of the state observation and
the unknown-input identification is estimated with
respect to arbitrary bounded deterministic Lebesgue-
measurable noises and discrete sampling.

1.1.2 Structure of this article. The considered SISO
system is described in section 2. The problem statement
is presented in subsection 2.1. Main notions on strong
observability and strong detectability are discussed in
terms of the relative degree in subsection 2.2. A global
observer is designed for a strong observable system
in section 3 based on high-order sliding-modes.
Subsection 3.1 is devoted to the state observation
algorithm, and subsection 3.2 deals with the unknown-
input identification. A globally convergent observer
based on high-order sliding modes is proposed for
strongly detectable systems in section 4. The algorithm
for state detection is presented in subsection 4.1. The
algorithm for the asymptotic unknown-input identifica-
tion is presented in subsection 4.2. A generalization
to the multi-input-multi-output (MIMO) case is
presented in section 5. Two illustrative examples are
given in the section 6, for the cases of strongly observa-
ble and strongly detectable systems. Finite-time exact
state observation and unknown input identification are
demonstrated. Finally, section 7 contains the concluding
remarks.

2. System description

2.1 Problem statement

Consider an LTI system

X = Ax+ Bu+ D(t), D#0

y=cCn, 4y
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where x € R", y € R are the system state and the output,
¢ € R is the unknown input (disturbance), v € R is the
known control and the known matrixes A4, B,C,D
have suitable dimensions. The equations are understood
in the Filippov sense (Filippov 1988) in order to provide
for the possibility to use discontinuous signals in
observers. Note that Filippov solutions coincide with
the usual solutions, when the right-hand sides are
continuous. It is assumed also that all considered
inputs allow the existence and extension of solutions to
the whole semi-axis 7> 0.

The task is to build an observer providing for
asymptotic (preferably finite-time convergent and
exact) estimation of the states and the unknown
input. Obviously, it can be assumed without loss of
generality that the known input u is equal to zero
(i.e. u(r) = 0).

2.2. Strong observability, strong detectability and
some of their properties

The conditions for observability and detectability of LTI
systems with unknown inputs are studied, for example,
in Hautus (1983). Some necessary and sufficient condi-
tions for strong observability and strong detectability
are obtained in this section.

Definition 1: sy € C is called an invariant zero of the
triplet {4, D, C} if rank R(sg) < n+ rank (D), where
R(s) is the Rosenbrock matrix of system (1)

It is assumed in the following definitions that u=0.

Definition 2: System (1) is called (strongly) observable
if for any initial state x(0) and ¢(f) =0 (any input
¢(t), y(t)=0 with V>0 implies that also x=0
(Hautus 1983).

The following statements are equivalent (Hautus
1983).

(i) The system (1) is strongly observable.
(i) The triple {4, C, D} has no invariant zeros.

Definition 3: The system is strongly detectable, if for
any ¢(r) and x(0) it follows from y(f) =0 with V¢ >0
that x — 0 with 7 — oo (Hautus 1983).

The following statements are equivalent (Hautus
1983).

(1) The system (1) is strongly detectable.
(i1) The system (1) is minimum phase (i.e. the invariant
zeroes of the triple {4, C, D} satisfy Res < 0).

Obviously, in the case D=0 the notions of strong
observability and strong detectability coincide respec-
tively with observability and detectability. Introduce
the observability matrix

C
Cc4
P= .

CAn—l

Recall that system (1) is observable (in the absence of the
unknown input) if and only if the observability matrix P
has the full rank. In that case the matrix 4 — LC can be
assigned any spectrum, choosing an appropriate column
matrix parameter L. The rank np of the matrix P is
called the observability index of the system.

Definition 4: Following Isidori (1996) the relative
degree of system (1) with respect to the unknown
input is the number r such that

CAD=0, j=1,....,r=2, CA'D+£0. (3)

2.3. Strong observability and strong detectability
in terms of the relative degree with respect
to the unknown input

Let r be the relative degree of the system with respect to
the unknown input. It is known that r <n, and in
appropriate coordinates the system takes on the form

X1 = Anxy + Apxy + Biu + D¢,
Xy = Ay xy + Anx; + Bou, 4)
y=Cix;

where the matrices 4;;, A2, C and D are of the form

0 1 0 - 0
0 0 1 - 0
Ay = :
0 0 0 1
Ldar d2 a3 a
fo0 0 0]
0 0 0
Ap = ,
0 0 0
L dr1 dry2 ay |
Di=[0--0 d]', d#0,Ci=[1 0---0]
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Let u=0. With y =0 the dynamics (4) is reduced to
X = Axx, which is called the zero-dynamics (Isidori
1996). The eigenvalues of 4, coincide with the invariant
zeros of the system. The system is called minimum-phase
if Ay is Hurwitz. In such a case y = 0 implies x — 0.

Theorem 2.1: The system (1) is strongly observable if
and only if the output of the system (1) has relative
degree n with respect to the unknown input £(f).

Proof: Strong observability of the system requires
its observability, and, therefore, rank P = n. The obser-
vability implies the existence of the relative degree r of
the output y with respect to the unknown input ¢.
Indeed, otherwise PD=0 and therefore D=0.
Then the coordinate transformation xp = Px turns
system (1) into

Xo = Aoxo + Bou(t) + Doi(1)

(6)
»(t) = Coxo
where

0 1 0 0

0 0 1 0
do=| : U (7

o 0 0 - 1

—ay —dy —az - —dy

Do =[CD,...,CA" D, CA" ' D], (®)
Co =11,0,...,0], 9)

a, j=1,...,n are some constants; and the vector By
does not have any specific form. Recall that u is assumed
to be zero. When r=n only the last component of Dy is
not zero. It is obvious that in that case the identity y = 0
implies xp = 0.

Now assume that r <n. This means that some
nontrivial zero-dynamics exists, which corresponds to
nontrivial solutions satisfying y =0 and contradicts
the strong observability. This ends the proof of the
theorem.

The theorem can be proved also algebraically.
The determinant p(s) of the Rosenbrock matrix is
invariant with respect to coordinate transformations.
It is computed as p(s) = det(R), where

s -1 0 - 0 —-CD

0 s =1 .- 0 —CAD
R : :

0 0 0 —1 —CA"™ D

a a a3 - s+a, —CA”'D

1 o 0 - 0 0

Thus,
s —1 0
p(s) = CDdet

o o0 - —1

a as e St ay
s =1 .- 0

+ CADdet

0 O -1
a ag - SH+a,

4+ 4 CA"*Ddet[s+a, |+ CA"'D.

Assume that the characteristic polynomial of the
matrix 4 be

S ta ot as+a.
Then p(s) = det(R) is rewritten as

ps) ="+ as" 2+ +a)CD
+ (" 2+ ays" 3 + -+ a3)CAD
4o (s+ay)CA" 2D+ CA™'D.  (10)

The zeros of the system coincide with the roots of the
polynomial p(s). According to the Definition 3, the
system has no zeros if and only if it has the relative
degree n. O

Theorem 2.2: The system (1) is strongly detectable if
and only if the relative degree with respect to the unknown
input exists, and the system is minimum-phase. In that
case also r < ng is ensured.

Proof: Assume first that the system is strongly detect-
able. Suppose first that the relative degree does not
exist. It is possible only in the case, when PD=0,
i.e. D belongs to the invariant subspace Px=0 of the
unobservable states. In that case in appropriate
coordinates the system takes on the form

Xo = AoXo,
Xy = Ayoxo + Anxn + Dn¢,
y = Coxo
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where the matrices 4, and Cy are of the form

0 1 0 - 0
0o 0 1 0
Ado=1| : N B
0 0 0 1
—dp —dy —a3 —dny
Co=[1 0 0],

with np =rank P. Thus y =0 does not impose any
condition on the input ¢, and the induced dynamics in
the unobservable subspace x, has always non-zero
constant solution with ¢ = const # 0, which contradicts
the strong detectability. Hence, r < ng = rankP. Now
the minimum-phase property of the system exactly
corresponds to the requirement x — 0 with y = 0.
Assume now that r < ngp, and the system is minimum-
phase. In that case, in appropriate coordinates, the
system gets the form (4), (5) with a Hurwitz matrix
Az. The identity y =0 obviously implies x; =0 and
Xy — 0. O

3. Observer design for the case of strong observability

3.1 Observation of coordinates

System (1) is supposed to satisfy the following
assumptions.

Assumption 3.1:  The system (1) has the relative degree n
with respect to the unknown input ().

This assumption means that the system is strongly
observable. The next assumption has two variants.

Assumption 3.2: The unknown input ¢(t) is a bounded
Lebesgue-measurable function, |£(1)] < ¢7.

Assumption 3.3: The unknown input ¢(t) is a bounded
function, |L(1)] < ¢, with successive derivatives up to
the order k bounded by the same constant {f. The kth
derivative is a Lipschitzian function with the Lipshitz
constant not exceeding ¢f. Thus, {*V(1) exists almost
everywhere and is a bounded Lebesgue-measurable
Sunction, |¢**V(1)] < ¢f.

The latter assumption is needed for the estimation of
the unknown input. The observer is built in the form

z=Az+ Bu+ L(y — Cz), (11)
X =z+ Ky, (12)
v=W(y —Czv), (13)

where z, x € R", x is the estimation of x, and the column
matrix L =[l.,bh,...,I,]" € R" is a correction factor
chosen so that the eigenvalues of the matrix 4 — LC
have negative real parts. Such L exists due to
Assumption 3.1 and Theorem 2.2. The matrix K,
vector v and the nonlinear discontinuous function W
are chosen differently depending on the Assumptions
3.2 or 3.3.

The proposed observer is actually composed of two
parts. Equation (11) is a traditional Luenberger observer
providing for the boundedness of the difference z — x
in the presence of the unknown bounded input ¢.
System (13) is the high-order sliding modes differentiator
and ensures the finite time convergence of the resulting
estimation error to zero.

Suppose that only coordinates are to be estimated,
and that Assumptions 3.1 and 3.2 hold, respectively.
Note that in the simplest case when n=1 the only
observable coordinate coincides with the measured
output and, therefore, only the input estimation problem
makes sense, requiring Assumptions 3.1 and 3.3. The
latter problem is considered in the next subsection.
Thus assume that n > 1.

Since the pair (C, A) is observable, arbitrary stable
values are assigned to the eigenvalues of the matrix
(4 — LC), choosing an appropriate column gain matrix
L (Chen 1984). Obviously the pair (C,4 — LC) is also
observable, and its observability matrix

C
C(A—-LO)
p=| C4-LCy (14)

4 — Loy

is not singular. Set the gain matrix K = P

I and assign
f=z+P M. (15)
The nonlinear part of the observer (13) is chosen

in the form of the (#— 1)th-order differentiator
(Levant 2003)

V= w = —a, My, —y
+ Cz|" Vsion(vy — y 4+ Cz) + va,
¥y = wy = —a,_ MYV,
— |2/ Dsion(vy — wy) + v3,
(16)
Vot = Wao1 = —aa M2y,
— waa|'Zsign(va_1 — wa2) + Vi,

1}11 = _alMSign(Vn - anl)s
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where v;, z; and w; are the components of the vectors v,
zeR" and w € R"! respectively. The parameter M is
chosen sufficiently large, in particular M > |d|¢T,
where d = CA"~'D. The constants «; are chosen recur-
sively sufficiently large as in Levant (2003). In particular,
one of the possible choicesis o) = 1.1, ap = 1.5, a3 = 2,
oy =3, as =15, ag =238, which is sufficient for n < 6.
Note that (16) has a recursive form, useful for the
parameter adjustment. In any computer realization one
has to calculate the internal auxiliary variables v; and
wj, j=1,...,n, using only the simultaneously-sampled
current values of y, z and v;.

Recall that xp = Px is the vector of canonical obser-
vation coordinates, and ep = P(x — x) is the canonical
observation error.

Theorem 3.4: Let Assumptions 3.1 and 3.2 be satisfied
and the output be measured with a noise, being a
Lebesgue-measurable function of time with the maximal
magnitude €. Then with properly chosen o; and M
sufficiently large, the state x of the system is estimated
in finite time by the observer (11), (14)—(15). With
sufficiently small ¢ the observation errors ep; =
Xoi — xoi = CA™V(X — X) are of the order of "= +D/",
That means that the inequalities |ep;| < ye"~ V" hold

for some constants y; > 0 depending only on the observer

and system parameters, and on the input upper bound. The
accuracy of the order of €'/ is obtained in non-canonical
coordinates due to the mix of coordinates. In particular,
the state x is estimated exactly and in finite time in the
absence of noises.

Proof: Consider the linear Luenberger part of the
observer (11). Denote eé=x—z, ¢, = Ce(t), then,
replacing the noise by the whole segment [—¢, ¢] of its
possible values, obtain

¢ € (A — LOY(1) + L[—¢, €] + D&(1), (17)
e, € Ce(t) + [—e, €] (18)

Recall that the matrix 4 — LC is Hurwitz. Let the
Lyapunov function of the homogeneous system be

|
V:E THe,

where H is a symmetric positive-definite matrix. Its
derivative

Ved (H(A— LC)+(A— LC)'H)é + (6" HD+ DT Hé)¢(1)
+(@THL+ LTHé)[—¢,¢]

is negative definite with ¢ =& =0. Thus, due to the
boundedness of ¢, obtain that the estimation error ¢

converges to a bounded vicinity of the origin ¢ = 0.
Since that moment also ¢ remains uniformly bounded.

Let meantime ¢ =0. The output é, of the estimation
error system (18) has the same relative degree n with
respect to the unknown input as system (1). Indeed,
for any i the equalities CD = CAD =---= CA'D=0
imply that

C(4 — LC)Y™'D = C(4 — LCY' AD + C(4 — LC)' L(CD)
= C(4— LC)YAD = C(4 — LC) ™' 4>D
+ C(4 — LC)~'L(CAD)
=...=CA"'D,

Applying the transformation e = Pé to system (17), (18),
with P selected according to (14), obtain that

¢ = Aé + Di(1),

€y

(19)

Il
LY

where the matrixes 4, D and C are of the form

0O 1 0 0

0 0 1 0
A= 1o

o 0 0 --- 1

a day das - dy

D=10,...,0,d", C=]l1,0,...,0].

Notice that d = C(4 — LC)""'D = CA™'D. By defini-
tion e; = ¢, = y — Cz, and due to (19) obtain that

~ - ~ - ~(n -
€y =¢€1, €y =€,... ,6}) = ey.
Denote 0; = v; — (y — C2)™D = y; — &; and obtain

o] = —O{an/n|O'1 |(”’1)/"sign(al) + o2,

63 = = 1 M Vjoy — 61" Dsign(o; — 61) + 03,
Op—1 = _a2M1/2|Gn—1 - d—n—2|1/25ign(on—l —0,-2) + 0y,
6, = —a Msign(o, — 6,_1) — éy. (20)

Now show that with sufficiently large M the dynamics
of o is finite-time stable in the absence of noise. Since,
due to (17), starting from some moment, ¢ and e
remain uniformly bounded, the same is true with
respect to e and its derivative. Obviously, in the
presence of mnoises not exceeding e >0 with
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M > sup|é,| obtain that dynamics (20) satisfies the
differential inclusion

61 € —a,M""|oy + [—e, ]| " sign(oy + [—e, €]) + 02

63 = —a, 1 M Doy — 61| Dsign(oy — 61) + 03
Op—1 = _‘12M1/2|Un—1 — 02| l/zsign(on—l — 0p—2) + 0,
o, € —ayMsign(o, — 0,—1) +[—M, M] (21

The rest of the proof is based on the following lemma.

Lemma 3.5: Suppose that a,, > 1 and oy, ..., ay are
chosen sufficiently large in the list order. Then after
finite time of the transient process any solution of (21)
satisfies  the inequalities |oy| < pg M*=D/ngn=k+D/n.
k=1,2,...,n, where u; > 1 are some positive constants
depending only on the choice of ay.

Proof: Denoting 6; = o/ M obtain that

61 € —0, |61 + M[—¢, ]| "V "sign(o) + M[—e, €]) + 62,

G2 = —a, 1|62 — &1/ Vsign(oy — 1) + 63,

I3 ~ I3 1/2 - ~ 3 ~
Op-1= —02|0,-1 — 0p2| / sign(6,—1 — 04—2) + O,

6, € —aysign(c, — o,—1) +[—1,1].
The lemma is now a direct consequence of Lemma §

from Levant (2003). ]

According to Lemma 3.5 the equalities

Vi = él + 0(8)9 V2 = é2 + 0(8('1_1)/’1)9 sy
Vn = én + O(SI/n) (22)

are established in finite time. Since CL, CAL, CA’L, ...
are scalars, it is easily shown by induction that there are
numbers §; such that the equalities

C(A—LCY = CA +8,CA™" +--- +8,C, j=12,...

are true. These numbers depend on C, A, L. Thus,
multiplying by X; — x; obtain that

ej=epj+8iepi—1 +---+38e01, j=12,.... (23)
which is inevitably equivalent to &= Pé. v= Pé=

Px — Pz with £=0. Inverting the equations by the
Gauss procedure and taking into account (22) obtain

by induction

00j = v+ 8ivj- oo G+ OE T, =12,
(24)

with some constants §;. Obtain from v = Pé = Px — Pz
with £ =0 that

f=z4+P

with ¢=0. The accuracy stated in the theorem is
obtained from (24) with £¢#£0, ¢ << 1. Il

Let now the output y be sampled at discrete times with
the constant time step 7, 7€ (¢, ti+1), i1 — 1 =T.
Substituting e;(#;) = y(¢;,) — Cz(t;) for the term e =
y — Czin (11), (13), obtain a discrete-sampling observer.
Note that the simultaneous sampling of y and z when
calculating the sampled value of ¢; is important.

Theorem 3.6: Let Assumptions 3.1, 3.2 be satisfied, the
parameters be chosen as in Theorem 3.4 and the output
be measured without measurement errors at discrete
sampling times with a sufficiently small sampling
interval t. Then after a finite-time transient the canonical
observation errors ep; = CA™(X — x) are of the order of

.L_n—H-l

Theorem 3.7: Under the conditions of Theorem 3.6
let the nonlinear observer part (16) be realized (in a
computer) by means of the Euler integration method
with the integration time step being a constant part of .
Then the statement of Theorem 3.6 is preserved.

Proof: Let 7€t 141), tjy1 —1; =t. Then the input
injection LCe is based on the values measured at the
moment #; and (19) can be rewritten as

é(t) = (A — LOY&(t) + LC(E(r) — &1))) + D(r).  (25)

Assuming that |le|| < 2Q obtain that the right-hand side
of (25) is bounded in norm by some constant of the form
)LIQ + )L2§+, and

ILC(e(t) — e(t)l < (A0 + Aal )1,

where A, ..., As > 0 are some constants. Hence, (25) can
be rewritten in the form

e=(A—-LOE+E |Z < (a0 + rlh)T+ Asch

Thus, with any sufficiently large Q@ the inequality
lell < Q is established and kept afterwards, if 7 is suffi-
ciently small. Since that time ¢ is bounded. Applying
the Lagrange theorem to the difference eé(7) — e(t))
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obtain from (25) that
¢= (A~ LC)E + LC&(t; + plt — )T + Dg(0), p € (0, 1).

Therefore, due to the boundedness of é, and indepen-
dently of O, the same bounds of ¢ are established as in
the proof of Theorem 3.4 with sufficiently small .
As follows from Lemma (3.5), differential inclusion
(20) is finite-time stable. It is also homogeneous with

the weights n,...,1 of oy, ...,0, respectively and the
homogeneity degree —1. Thus, the discrete sampling
provides for the accuracy |v; — ¢l = |o;] < pr" !

(Levant 2005), and Theorem 3.6 follows now from (23)
with sufficiently small . The Euler integration scheme
implementation can be considered as introduction of a
variable delay bounded by some constant times t.
Thus, Theorem 3.7 also follows now from Levant

(2005). O

Note that the linear part (11) of the observer can be
realized using any advanced integration methods.

3.2. Identification of the unknown input

Suppose that assumptions 3.1 and 3.3 hold. Let
now ve R"™H! gsatisfy the nonlinear differential
equation (13) in the form

V= Wi = =t MOy — ()
+ Cz| R Dsign (v — y(1) + Cz) + 12,
V) = wy = —at MOy,

— w [V sign vy — i) + v,

. 1/(k+2
Vn = Wy = _Ol/c+2M 1 )|Vn

k+1)/(k4+2) o;
— Wp—1 |( % )51gn(vn - Wn—l) + Yyl

- 12
Virk = Wk = —aa M |00

1/2:
— Wk—a |2 SIgNVpik—1 — Watk—2) + Viiks
Vntka1 = =0 MSIgN(Vaykr1 — Wagk)s (26)

where M is a sufficiently large constant. As previously,
(39) has a recursive form, and the parameters «; are
chosen in the same way (Levant 2003). In particular,
one of the possible choices is o] = 1.1, ap = 1.5,
a3 =2, ay =3, as =5, ag =8, which is sufficient for
n+ k < 5. In any computer realization one has to calcu-
late the internal auxiliary variables w;, j=1,...,n4+k,
using only the simultaneously-sampled current values
of y, z; and v;.

The equality ¢ = w is established in finite time, where
w is the truncated vector

o=01...,vm)". (27)
Thus, the corresponding observer equation
f=z4+P'w (28)

comes instead of (12) and P is defined by (12). The
estimation of the input ¢ is defined as

E—l(v (ayvi +ayva + - - - + a,vy))
_d n+1 V1 2V2 n'vn)), (29)

S —ays" = —ap = (=1)"det(4 — LC — sI)

where the second line defines the characteristical
polynomial of the matrix 4 — LC.

Theorem 3.8: Let Assumptions 3.1 and 3.3 be satisfied
and the output be measured with a noise, being a
Lebesgue-measurable function of time with the maximal
magnitude €. Then with properly chosen oa; and M suffi-
ciently large, in the absence of noises (i.e. with ¢=0)
the observable state x¢o of the system is estimated exactly
in finite time by the observer (11), (26)—(29). With any
sufficiently small ¢ the canonical observation errors
epi are obtained of the order of "~ HHD/HAD - The
estimation error of the input ¢ is of the order of
gkt D/ Iy particular, in the absence of noises the
estimations of the unknown input and coordinates are
exact after a finite-time transient. The accuracy of
the order of e*+V/0+k+D) is obtained in non-canonical
coordinates due to the mix of coordinates.

Proof: The proof is very similar to that of Theorems
3.4, 3.6, but the differentiation order can now be
increased. Exactly, as in the proof of Theorem 3.4
obtain that starting from some moment & and ¢ remain
uniformly bounded due to (17) and the boundedness
of ¢. Let now & =(Cz—y()" ", i=1,....n+k.
[According to Lemma 3.5, e=w.] Obviously,
(Cz — p(£)) "D = &¢+2) is a linear combination of
Clyevs @y C..., %D and s, therefore, bounded.
Taking M > sup |(Cz — p(2))" V| obtain finite-time
convergence of (26) (Levant 2003). This means that
equalities v =e¢;, i=1,....n, vp = ¢, are established
with ¢ =0. The theorem statement with ¢ =0 is obtained
due to the equality

~ 1 - ~ >
.= :Z(vn+l — (alel +aer +---+ anen)) (30)
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which is established now due to (19). The estimation
error is obtained from the homogeneity reasoning as in
the proof of Theorem 3.4. O

Similarly to Theorems 3.6, 3.7 the following theorems
are obtained.

Theorem 3.9: Let Assumptions 3.1, 3.3 be satisfied, the
parameters be chosen as in Theorem 3.8 and the output
be measured without measurement errors at discrete
sampling times with a sufficiently small sampling
interval t. Then after a finite-time transient the canonical
observation errors eo; are of the order of =2 and the
estimation error of the input ¢ is of the order of T°1.

Theorem 3.10:  Under the conditions of Theorem 3.8 let
the nonlinear observer part (39) be realized (in a
computer) by means of the Euler integration method
with the integration time step being a constant part of t.
Then the statements of Theorem 3.9 are preserved.

The linear part (11) of the observer can be realized
using any advanced integration methods.

Example: Consider the simplest case when n=1, and
X = ax + bu(t) + d¢(1),

where y=x is measured. Suppose that the unknown
input ¢(z) (perturbation) is a Lipschitzian function
(Assumption 3.3, k=0). Then the observer obtains the
form

z=az+bu(t)+ I(x(1) — 2),
v =wy =—1.5M"Y?|v; — x(1)+z|sign(v; — x(1) + 2) + 2,
1}2 = —l.lMsign(vz — Wl),

. ~ 1
x:Z+V19 {ZQ(VQ_(CZ_[)VI),

where /> a, and M is a sufficiently large constant,
M > |d|¢f. Note that excluding w; the third equation
can be rewritten as v, = —1.1Msign(v; — x() + 2).
The proposed estimation x of x can be considered
as a smoothed value of the measured output x().
In the absence of noises such estimation is obviously
redundant.

4. Observer design for the strong-detectability case

4.1 Observation of coordinates

Introduce a new
Assumption 3.1.

assumption generalizing

Assumption 4.1 System (1) has relative degree r with
respect to the unknown input, r < n. It is also minimum
phase.

Remark 1: This Assumption is equivalent to the
stability of the invariant zeros of the system, and also
means that the system is strongly detectable in the
sense of Definition 3. Note also that Assumption 3.1 is
obtained with r=n.

Let r <n be the relative degree of system (1) with
respect to the unknown input ¢(¢), which means that

CD
CAD |
: =0, CAD#0. 31
CA 2D
As previously, define
z=Az+ Bu+ L(y — Cz). (32)

It is easy to prove that neither the relative degree, nor
the observability index change for the error system
matrix triplet (4 — LC, D, C). Indeed, the invariancy of
the relative degree is shown exactly as in the proof of
Theorem 3.4, and the observability index is preserved,
since the unobservable subspace does not change.
Let the transformation (x/,x])" = Tx =[T; T5]"x
transfer the system (4 — LC,D,C) into the form
(4), (5). This means that

Ay A B
A—LC:T‘[ a 12]T, B:Tl[ ‘]

21 Ax By (33)
i[ P
D=1 | c=[C o]T
where Aay € RUTDXT - gy e RUTIX0=1) matrices

A e R A1, e R and €7, Dy € R are of the
form

0 1 0 0
0 0 1 0
Ay = : ,
0 0 0 1
Lay dax daz - dy
0 0 0
Ap = : : R
Ldr+1 dry2 00 Ay
Di=[0--0 d]', d#0,Ci=[1 0-.-0].

(34)
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The nonlinear part of the observer (13) is chosen as

v =wi = —a, M vy — y(1) + Cz|""V’sign(v; — y(1)
+ Cz) + s,
Vo =wy = —a,_ MV ]y,

— w0 Dsign(vy — wy) + 13,

. 1/2
Vel = Wp—1 = —Ole/ [Vr—1
126
— W,_o| / sign(v,—1 — wr_2) + v,
v, = —ay Msign(v, — w,_1), (35)

v;, z; and w; being the components of the vectors v,
ze R and w e R respectively. The parameter M is
chosen sufficiently large, in particular M >
|CA™~'D|¢*. In order to estimate the rest of coordinates
introduce

or=01...,0)7, weR, (36)
set the gain matrix K = 7-!, and let

Wy = Aywy + Apw,
e )
w2

Let np = rankP, r <np <n, and let P,, be the sub-
matrix of P consisting of its first n, rows. Recall that
Xo = Py,x 1s the vector of the canonical observation
coordinates. The vector ep = P, (X — x) is naturally
called the canonical observation error. Unfortunately,
this time only the first r canonical coordinates are
estimated exactly, which coincide with the first r
components of Tx.

Theorem 4.2: Let Assumptions 4.1 and 3.2 be satisfied
and the output be measured with a noise, being a
Lebesgue-measurable function of time with the maximal
magnitude €. Then with properly chosen o; and M suffi-
ciently large, the state x of the system is asymptotically
estimated by the observer (32)—(37). In particular, the

first r canonical observation coordinates are estimated

exactly and in finite time in the absence of noises. In the
presence of a small noise with the magnitude ¢ the estima-
tion error ep; of the order '=V/" s obtained with
1 <i<r. All other coordinate observation errors tend
asymptotically to zero with e =0 and, after some transi-
ent, are of the order of €' in the presence of small
noises. The same limit coordinate estimation accuracy of
the order of €'/ is ensured for any nonspecific coordinate
system.

Note that Theorem 3.4 is actually a particular case of
Theorem 4.2.

Proof: The proof is developed in three steps.

Step 1: The stability of the estimation error of (32) is
analyzed. Define ¢ =x —z. The error dynamics is
described by (17), (18). The boundedness of the estima-
tion error ¢ of the Luenberger observer (11) follows
from the stability of the matrix 4 — LC exactly as in
the proof of Theorem 3.4.

Step 2: The error system (4 — LC, D, C) is minimum-
phase. Indeed its zero-dynamics is obviously the same
as of the system (4, D, C).

Step 3: Show the convergence of (36) and (37) to the
real values of the state. Denote 6 = T¢, 6 = (67,67)",
p=x—TizeR", 6=x,—TrzeR"". Then the
error 6, satisfies the equation

6, = 4116, + A6, + D¢,

y=C16 38

with the matrices of the form (5). Similarly to the proof
of Theorem 3.4 after a finite-time transient the equalities

vi =011, va =01, v, =0y,

are established in the absence of noises, in other words
w) = v =0, is obtained. As a result, the convergence is

ensured of the resulting error ep;, i=1,..., r to zero
in finite time in the absence of noises. Similarly to
Theorem 3.4 the estimation errors ep;,,i=1,...,r,

of the order of ¢"~*D/" are obtained in the presence of
noises of the magnitude €.

Denote  p; =6, — v =(eor,.. .,eOr)T — 0, 0y =
X» — wy. Subtracting the first equation of (37) from (4),
obtain that p, satisfies the equation

P2 = Az1p1 + A2po,

where p; — 0 in finite time, and A, is Hurwitz due to
Step 1. Thus also p; — 0, which proves the theorem in
the absence of noises. In the presence of noises, after
the finite-time transient the accuracy O(g!/") is obtained
in estimation of p;, which ends the proof. ]

Let the output y be sampled with the constant time
step 7. Substituting y(z;) for y in (11), (12), t € [¢;, tj11),
tit1 — 1; =7, obtain a discrete-sampling observer. The
following theorem is proved similarly to Theorem 3.6.

Theorem 4.3:  Let Assumptions 4.1, 4.2 be satisfied, the
parameters be chosen as in Theorem 3.4 and the output
be measured without measurement errors at discrete
sampling times with a sufficiently small sampling
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interval t. Then after a finite-time transient the canonical
observation errors ep; = CA=' (X —x), i=1,...,r, are
of the order of ="', The estimation error of the other
coordinates is of the order of T after some transient.
The same limit coordinate estimation accuracy is ensured

for any nonspecific coordinate system.

A theorem is also true similar to Theorem 3.7 (see also
the subsection 4.2).

Remark 2: In the presence of noises or with discrete
sampling the finite-time convergence means that for
each initial conditions the transient time converges to
some constant value with ¢ — 0 or t — 0, contrary to
the asymptotic convergence, when the transient time
tends to infinity.

4.2. Observation of the unknown input

Let Assumptions 4.1 and 3.3 hold. Let v € R™™*! satisfy
the nonlinear differential equation

Vi =w = _ar+k+1M1/(r+k+l)|vl _y(t)
T CZl(r+k)/(r+/c+1)Sign(v] — () + Cz) + vy,
‘.}2 =y = —a,A+le/(l1+k)|V2

— [V s gn (vy — wy) + 13,

‘>l‘ =Wy = _ak+2M1/(k+2)|Vr

— 1wy | FEVEDsign (v, — w,_p) + vy,

. 1/2
Yok = Wk = —a M2y,
12
= Wrpk—2| 7SIV h—1 — Wrik—2) + Vitks
Vrtkt1 = =L MSIgN(Vrikr1 — Wrik), (39)

where M is a sufficiently large constant. As previously
(39) has recursive form, and the parameters «; are
chosen in the same way (Levant 2003). In particular,
one of the possible choices is o} = 1.1, ap = 1.5,
a3 =2, as =3, as =5, ag =8, which is sufficient for
r+ k < 5. The estimation of the input ¢ is defined as

~ 1
= Zi(‘)rH - (alvl +avy + -+ arvr)) (40)

The following theorems are obtained similarly to pre-
viously formulated analogous theorems.

Theorem 4.4: Let Assumptions 4.1, 3.3 be satisfied.
Then the observer (32) to (34), (39), (36), (37), (40)

provides with any sufficiently small ¢ for the accuracy
eoi of the order Utk 1 < <y which is
established in finite time. All other coordinate observation
errors tend asymptotically to zero with ¢ =0 and, after
some transient, are of the order of e*TI/UHED in the
presence of small noises. The same limit accuracy of the
order of e*D/0Hk+D) i obtained in estimation of any
nonspecific  coordinates. The unknown  input is
asymptotically exactly estimated with ¢ =0, and, after
some transient, the error is of the order of gX+D/(+k+D
in the presence of small noises.

The proof is very similar to the proof of
Theorem 4.2. The only difference is that (38) implies
the identity

61, =a\011 + @01y + - + a0y, + ary 165
+ -4 anez,n,r =+ d{'

Taking' into account that v;,—0; — 0, i=1,...,r,
Va1 — 61, — 0, obtain (40).

Theorem 4.5: Let Assumptions 3.3, 4.1 be satisfied, the
parameters be chosen as in Theorem 4.4 and the output
be measured without measurement errors at discrete
sampling times with a sufficiently small sampling
interval t. Then after a finite-time transient the observa-
tion errors eo; are of the order of T2 1 <i<r,
and the estimation error of the input ¢ is of the order
of T after some transient process. The estimation
error of other coordinates is of the order of T2
after some transient. The same limit coordinate estima-
tion accuracy is ensured for any nonspecific coordinate
system.

Theorem 4.6: Under the conditions of Theorem 4.5
let the nonlinear observer part (39) be realized
(in a computer) by means of the Euler integration
method with the integration time step being a constant
part of t. Then the statements of Theorem 4.5 are
preserved.

The linear part (11) of the observer can be realized
using any advanced integration methods.

Remark 3: Note that with r = np the matrix 4, in
(33), (34) can be zeroed (the canonical observation
form). As a result the unknown input is estimated in
finite time. That means that while the limit accuracy of
the input estimation stated in the Theorems remains
the same, it is obtained after finite-time transient
process.

Remark 4: The parameter identification algorithms
presented by Davila et al. (2006) could be directly
applied in the absence of perturbations.
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5. Multiple-unknown input-multiple-output case

Consider the system with m outputs and the same
number of unknown inputs

X =Ax+ Bu+ D¢, y=Cx, 41)
where x e R", ue R, ¢,y € R”, the matrices are of

the suitable dimensions. The observability matrix for
system (41) takes on the form

C1
ClA
ClAn—l
P= :
Clﬂ
|
L A"
where ¢;, i=1,...,m are the rows of the matrix C.
Recall that the vector output y=Cx is said to have
the vector relative degree (ry,...,r,) with respect to

the input ¢, if

¢A'D;=0, i,j=12,....m s=0,1,...,ri—2 (42)

and

ClAr171D1 ClArlile

detQ #0, O=
A1 Dy cnA™ D,
(43)

Lemma 5.1: Let the output y of (41) have the vector
relative degree r=(ry,...,r,) with respect to the
unknown input ¢. Then the vectors ¢y, ...,ciA"™', ...,
Cms - - - Cm A" are linearly independent.

Proof: Suppose that the contrary is true, i.e.

A+ Anc A+ -+ hp e AN 4 o
+ Ao A+ -+ )Wnrn,cmArm_l =0. (44)

Prove that A; =0. Multiply (44) by Dy,...,D,, and
obtain m equalities. Due to (42) obtain that the rows
of the matrix Q are linearly dependent with the
dependence coefficients Ay, ..., Ay, Which contradicts
to (43). Thus Ay, = -+ = Ay, = 0. Now multiply (44)
by ADy,...,AD,, and obtain new m equalities. Taking
into account (42) obtain new linear dependence of the

rows of @ with the coefficients Ay _1,..., Apr,—1.
In that case the rows (c; A" 'Dy,...,c;A""'D,,)
corresponding to r; =1 do not appear. [Continuing
this process, we obtain that all 1; = 0.] ]

We restrict ourselves to the case when the relative
degree exists. In that case the minimum-phase property
is equivalent to strong detectability. The strong-
observability case is simpler, and is similarly considered.

Assumption 5.2:  The vector relative degree with respect
to the unknown inputs exists and equals (ry,...,ry). The
system is minimum phase.

This Assumption implies the strong detectability of
the system. According to Lemma 5.1, the total relative
degree r=r; +---+r, with respect to the unknown
input ¢ does not exceed the observability index
no = rank P. Moreover, the same is component-wise
true for some vector observation index.

Assumption 5.3: Let ry = maxr;. Each unknown input
(perturbation) ¢(t) is a bounded function, |{i(1)| < ¢},
with bounded (ry — r; + k) successive derivatives, the
last one being Lipschitzian. This means that its derivative
{E"‘Mfr"%ﬂ) (1) exists almost everywhere and is a bounded
Lebesgue-measurable — function, — |¢"™ ()| < ot
Other derivatives are also supposed to be bounded by the
same constant.

Choose a matrix L such that 4 — LC be a Hurwitz
matrix. Such a matrix exists due to the detectability of
the system (Assumption 5.2). As previously, the linear
Luenberger part of the observer takes on the form

i=Az+ Bu+ L(y — C2). (45)

It is shown exactly as in the scalar case that the system
(4—LC,D,C) keeps the relative degree, observability
index, unobservable subspace Px=0 and the
minimum-phase property of the original system
(4, D, C). The corresponding error system is

e =(A— LC)e+ D¢,

where ? =x—z. Then in some new coordinates
[el el ] =I[TE Ti) e = Te, this system takes on the
standard form

éc = Acec + Acnven + Dct
) , ¥ =Ccec,
ey = Aycec + Anen

where the canonical observation errors ec; =
(ely.....el,)" € R" are calculated as  ec; =
ciA ' (x —z), and eyeR"’. The corresponding
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matrices have the form

Ac  Acw X
=T(A4—-LOT (46)
Anc  An
A - Aum Ac
Ac= s Acn =
_Am,l ce Amm ACm
i (47)
Dl] PPN Dlﬂ]
Dc =
_Dlm o Dmm
0 1 0
Ai=| . R (48)
0 0o ... 1
a1 dji2 Aii, r;
r 0 0 0 7
Ai,j = > l?é]’
0 0o ... 0
AN
(49)
m 0 0 .. 0
AC,j - ’
0 0 .. 0
Ldcj1  dci2 - dci,n—r
yj=Cgec, Car=[1 0 - 0],
(50)
D;=[0 0 d;]".

Here dj; = ¢;A"~'D;, and other matrices do not have any
specific form. The matrix Ay is Hurwitz similarly to the
proof of Theorem 4.2 (Assumption 5.2). The nonlinear
observer part takes on the form

vi = Wivi, yi(t) — Ciz,),

v=1,....,vm)] € Rru+k),

(1)

The auxiliary variable v; is a solution of the discontinu-
ous vector differential equation

wtktD)
i,

Vil = Wil = =0 1kr1 M; - yi(1)

+ Ciz|(ru+k)/(rM+k+l)
x sign(vi1 — yi(f) + zi1) + vi2,
1/("'v1-"-k)|vi2

Vi = Wip = —0, kM,

N ry+k—1)/(ry+k) o
— g [ R O G0 (35 — wi ) + vy 3,

. 12 12
Virwtk = Wipygrh—1 = =00 M Vipy ok — Wipyrko1]
X SIgn(vi,ru+k—l - WYi,rM-I—/C—Z) + vi,l‘M-F/(y
Virgtkt1 = =00 MiSIgN(Viyy 1k — Wiry+k)s (52)

where M, are sufficiently large constants, and the
parameters «; are chosen in the same way as in Levant
(2003). Denote

T T T \T r
o= i1, Vip) , o =(@,...,0),) €R,
Wy € Rn—r,

P = (VL rtts s Vi rpt1) - (53)

then the system for the observation of ey takes on the
form

Wy = Acywy + Ayws. (54)

The coordinates are estimated as
£=z+T1[“"]. (55)
The unknown inputs ¢, i=1,2,...,m, are estimated

by é:i,

2 _ pl

(=D (v — Acw) (56)

where the matrices A¢, Ay are composed of the bottom
rows of 4;; and A¢,; composing the block matrices 4¢
and Acy respectively, D¢ is built of the nonzero
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elements of D¢, det D¢ # 0 (Assumption 5.2),

ap ... dim
Ac= - , @y = (a1, aiy)"

Ldml -+ Amm

[aciy ... acia-r diy ... dim
/INZ 5 D_C:

Ldc,m1 --- AC mn—r dm,l dm.m

(57)

Recall once more that xp = Px is the vector of the
canonical observation coordinates (not all of them are
independent). The vector ep = P(X — x) is naturally
called the canonical observation error. Its linearly
independent part naturally includes the coordinates
eoj =CAN (X —x), j=1,...,r, i=1,....,m.

Theorem 5.4:  Under Assumptions 5.2, 5.3 with properly
chosen parameters observer (45)—(57) provides after finite-
time transient for the accuracies

m+k+2—))/(ry+k+1 -
|801/| ,\,8("’\4 j)/(l’\// )9 J_ laza"'aria

- 2/(ryk+1
1y — x| ~ g/ utirh

with & being the magnitude of the measurement noise, and
for the accuracies

(ry+k-+2—)) +2
b

: - k
leojl ~ T J=L2 o IXv —xnll ~ T

with the sampling interval t in the absence of noises.
All other coordinates are estimated asymptotically
with the accuracies e /v 4D and 542 pespectively.
The inputs ¢; are asymptotically estimated with the
accuracies  of the order — "tkHI=)/utktl) g g
trutkt1=1) pospectively. Exact estimations of the canoni-
cal observable coordinates, as well as asymptotically exact
estimations of the unobservable coordinates and the inputs
are obtained with continuous measurements and ¢ = 0.

The proof'is very similar to the previous theorems and
is omitted. Also here finite-time convergent exact obser-
vation of the inputs is possible with r = rank P. The
accuracy estimation can be refined taking into account
that each input may have its own smoothness order.

6. Examples

6.1 Example 1

Consider the system

X = Ax + D¢(t) + Bu,

o Cx (58)

with matrices

01 0 O

0 0 1 0
A=

0 0 0 1

6 5 -5 =5

B=D=[0 0 0 1], Co=[1 0 0 0]

and initial conditions xp(0) =[1 0 1 1]. Its eigen-
values are —3, —2, — 1, 1. The relative degree r with
respect to the unknown input equals 4. In consequence,
the system is strongly observable. Note that 4 is not
stable. The “unknown’ input

¢ =c0s0.5¢+0.5sin7 4 0.5

is taken, being obviously a bounded smooth function
with bounded derivatives. It is taken for simplicity that
u=0.

6.1.1 State estimation. In this subsection only the state
observation problem will be considered. Let the output
of the system be affected by a deterministic noise

0.1 sin(1037] cos(6871))

of amplitude ¢=0.1. The correction factor L =
[5 55 S]T provides for the eigenvalues —1,—2,
—3,—4 of the matrix 4 — LC. The gain matrix K
in (12) is chosen as

—1

C 1 0 0 0
Kk_| CA—LO) | _ |5 1 0 0
“lcAa-LeY| T |55 10

C(4 — LC)? 55 51

The parameters o) = 1.1, ap = 1.5, a3 =2, aqg = 3,
M =2 are chosen, and the nonlinear observer part (13)
takes on the form

i =wp ==3-2"4y = y(0)
+ Cz|¥4*sign(v) — W(1) + Cz) + va,

Vo = wy = =2 213 vy — wy | 3sign(vy — wi) + vs,
v3 = w3 = —1.5-212|v3 — | sign(vs — wy) + va,
vy = —1.1 - 2sign(vy — w3).

The observer performance and finite-time conver-
gence for the sampling time interval t=0.001 are
depicted in figure 1. Figure 2 shows the detail of
the state convergence graph. Note that in the
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t[s]

Figure 1. State estimation errors in the presence of a
deterministic noise of amplitude 107,

8 82 84 86 88 9 92 94 96 98 10

-0.2

8 82 84 86 88 9 92 94 96 98 10

Figure 2. Detail of observer error graphs. Estimation error
of x» (above). Estimation error of x4 (below).

correspondence with the proof of Theorem 3.4 the
estimation error of x, converges to a bounded region
of order 5-1073, while the estimation error in x4
converges to a bounded region of order 2 - 107!
The transient process is shown in figure 3 for the
states x; and x4. It is seen from figure 4 that the
system trajectories and their derivatives of any order
tend to infinity. Thus, the differentiator could not
alone perform the observation. Figure 5 shows the
effect of discretization in observation. The sampling
time intervals t = 0.0001 and 7=0.01 were taken in
the absence of noises.

6.1.2 Unknown input estimation. Consider now the
input ¢ as a bounded function with a Lipschitzian
derivative, k =1. Both the state x and the disturbance
¢ are now estimated.

20 T
15
10
5. 4
ok T n .

250 T T
200 - 1
150 1
100 1
50 1

—50 L L L
0 1 2 3 4 5 6

t[s]

Figure 3. Convergence of X, X4 to x; and xy.

14000

120001

10000
80001
6000r
4000f

2000}

t[s]

Figure 4. System coordinates.

1 L L L L L L L L L
4 41 42 43 44 45 46 47 48 49 5

SAMAMAMARLAARD
oof VYV VVVVVVVVVVVVV

4 41 42 43 44 45 46 47 48 49 5
t[s]

Figure 5. Observer errors (detail) with sampling intervals
7 =10.0001 (above) and 7 = 0.01 (below).

The state observer (11), (12) is designed in the
same way with L=[5 5 5 S]T, providing for
the eigenvalues —1,-2,—-3,—4 of the matrix
A — LC. The gain matrix K in (12) is also the same.
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0

05 1 15 2 25 3 35 4 45 5
t[s]

Figure 6. Observer errors for the unknown input estimation
case.
The parameters of (26) oy = 1.1, ap =1.5, a3 =2,

oy =3, as =15, ag =8 , M =1 are chosen, so that

v =wy = —8|v; — ¥(1) + Cz|/Ssign(v; — y(1) + Cz) + vs,

¥y = wy = —5[vs — wy|¥sign(vy — wy) + v3,
V3 =w3 = —3|vz — wz|3/4sign(V3 — wy) + g,
Vo = wy = —2|vs — w3|*sign(vs — w3) + vs,
Vs = ws = —1.5|vs — wg|/?sign(vs — wq) + ve,

ve = —1.1sign(ve — ws).

The finite-time convergence of estimated states to the
real states is shown in figure 6 with the sampling interval
t=0.001. The unknown-input estimation is obtained
using the relation (29). It is demonstrated in figure 7.
The effects of discretization are shown in figure 8
for the sampling intervals t=0.0001 and 7 = 0.01.

6.2. Example 2

Consider the system

() = Ax(t) + D&() + Bu,

59
y = Cx(1) &%)
with matrices
0 0 0 0 0 7
0 0 1 0 0 0
0 0 0 0 0
A=
7 —17 17 =2 0 0
1 4 5 -1 3
1 4 5 0 -3

4

3 -

0 05 1 15 2 25 3 35 4 45 5
t[s]

Figure 7. Unknown input estimation.

—4

15 x 10 '
1

0.5

|
-0.5
-1
-1.5

4 41 42 43 44 45 46 47 48 49 5

0.01
0.005 |

—0.005
-0.01

4 41 42 43 44 45 46 47 48 49 5
t[s]

Figure 8. Unknown input estimation error with t = 0.0001
(above) and 0.01 (below).

and initial conditions x(0)=[1,1,1,1,1,1]". The
observability matrix has rank nop =4. The relative
degree with respect to the unknown input equals 3,
r=3. Note that A4 is unstable. The zeroes of the
system are located at —1,—2,—3; Assumption 4.1 is
satisfied, i.e. the system is strongly detectable. The
“unknown” input

¢ =1c080.5¢+0.5sin¢+40.5

is taken, being obviously a bounded smooth function
with bounded derivatives. It is taken for simplicity
that u=0.

6.2.1 State estimation. The correction factor L =
[8 36 97 313 0 O]T provides for the eigenvalues
—1,-3,—1,-3,—4, -2 of the matrix 4 — LC. The gain



Downloaded By: [UNAM - [IMAS] At: 17:52 11 October 2007

Observation of linear systems with unknown inputs 789

200 T T T T T T

150 1

100 1

50

-100

-150
0
t[s]

Figure 9. Observer errors with unstable A.

WO =2 NW,ArOTON®O©

t[s]

Figure 10. Observer errors with unstable A (Detail).

matrix K in (12) is chosen as

1 0 0000
8 1 0000

1 36 8 100 0
K=T"=197 36 0 1 0 0
0 0 0010

0 0 00 0 1

The parameters of the nonlinear observer part (13)
are as follows: oy = 1.1, ap = 1.5, az =2, M=2. The
nonlinear part of the observer is designed as

v =wy = =223y, — y(t) + Cz|* sign(v) — y(1)
+ Cz2) + v,

Vo =Wy = —1.5- 212y, — wy |/

sign(v, — wy) + vs3,
1}3 =—1.1 -ZSigl’l(V3 — Wz).

The observer performance and finite-time conver-
gence for a sample time 7 =0.001 can be seen from
figure 9, see the detail in figure 10. The transient process

0 05 1 15 2 25
t[s]

0 0.5 1 1.5 2 2.5 3
t[s]

Figure 11. Convergence of X;, X to x; and xg with
unstable A.

x 108

3 4
t[s]

Figure 12. System coordinates with unstable A.

is shown in figure 11 for the states x; and xg. It is seen
from figure 12 that the system trajectories and their
derivatives of any order tend to infinity. Thus, the
differentiator could not alone perform the observation.

7. Conclusions

Sufficient and necessary conditions of the strong
observability and strong detectability are reformulated
in the terms of the plant relative degree with respect to
the unknown input. High-order-sliding-mode observers
are proposed for LTI SISO systems with unknown
inputs under such conditions. The global finite-time-
convergent exact observation of the state is provided
under sufficient and necessary conditions of strong
observability and the boundedness of unknown inputs.
In the case of the strong detectability only a part of the
states are observed exactly, while other estimations are
asymptotically exact. An additional Luenberger-like
linear term is introduced ensuring global convergence
of the observer error to a bounded neighborhood
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of zero. The robust exact sliding-mode-based differen-
tiator (Levant 2003) is applied providing for the finite-
time convergence of the observation error in the
presence of unknown inputs for the strong observable
systems. Moreover, the identification algorithm 1is
proposed, ensuring global finite-time exact identification
of the smooth unknown inputs in the case of strongly
observable systems. Global asymptotic convergence of
estimations to the exact values of the system states and
unknown inputs is obtained in the case of strong
detectability. The effects of bounded deterministic
Lebesgue-measurable noises and discrete sampling are
estimated in the terms of the accuracy of the proposed
observer. The results are extended to the MIMO case.
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