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In this work two main robust control strategies, the sliding mode control (SMC) and nonlinear
H1 control, are integrated to function in a complementary manner for tracking control tasks.
The SMC handles matched L1 ½0, 1Þ type system uncertainties with known bounding
functions. H1 control deals with unmatched disturbances of L2 ½0, 1Þ type where the
upper-bound knowledge is not available. The new control method is designed for a class of
nonlinear uncertain systems with two cascade subsystems. Nonlinear H1 control is applied
to the ﬁrst subsystem in the presence of unmatched disturbances. Through solving a
Hamilton-Jacoby inequality, the nonlinear H1 control law for the ﬁrst subsystem well deﬁnes
a nonlinear switching surface. By virtue of nonlinear H1 control, the resulting sliding
manifold in the sliding phase possesses the desired L2 gain property and to a certain extend
the optimality. Associated with the new switching surface, the SMC is applied to the
second subsystem to accomplish the tracking task, and ensure the L2 gain robustness in the
reaching phase. Two illustrative examples are given to show the eﬀectiveness of the proposed
robust control scheme.
Keywords: Sliding mode control; H1 control; Nonlinear cascade systems; L2 gain; Matched and
unmatched uncertainties

1. Introduction
Sliding mode control and H1 control are well
recognized as two major robust control strategies.
SMC can handle matched L1 ½0, 1Þ type system
disturbance where the upper-bound knowledge is
available (Utkin 1992). On the other hand, nonlinear
H1 control can deal with L2 ½0, 1Þ type unmatched
disturbance even if the upper-bound knowledge is not
available.
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In this paper, sliding mode control is incorporated
with nonlinear H1 control for a class of cascade
nonlinear systems which consists of a null space
dynamics and range space dynamics. Nonlinear cascade
systems exist in many real applications. One typical
such ﬁeld is mechatronics which consist of electro
subsystem and mechanical subsystem in cascade form.
In literature, various cases have been considered,
for instance the stabilization of translational oscillations
by a rotational actuator (TORA) system (Jankovic et al.
1996), the control of an underactuated surface ship with
disturbances to follow a predeﬁned path at a desired
speed (Do et al. 2004), the control of rigid spacecraft
with actuator dynamics (Dalsmo and Maas 1998), etc.
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A common practice in SMC is to design a switching
surface according to the null space dynamics, which
must ensure a stable sliding manifold when the system
is in sliding mode (Edwards and Spurgeon 1998).
For known LTI systems, such design turns to be poleplacement (Zinober 1994, Chang and Chen 2000) or
LQR (Young and Ozguner 1997). For known nonlinear
systems, nonlinear optimal design can be applied
(Xu and Zhang 2002). However if there exist uncertaities
in the null space nonlinear dynamics, switching surface
design becomes extremely diﬃcult. The challenge
lies in that we need a systematic design which captures
the inherent relationship between the switching
surface and the sliding manifold, in the sequel yields
a stable sliding manifold. Note that both switching
surface and sliding manifold may be highly nonlinear
in nature.
Nonlinear H1 control oﬀers such a systematic design,
which can allow even the presence of unmatched
uncertainties of L2 ½0, 1Þ type, and achieves a desired
L2 gain. The L2 gain of a nonlinear system has been
known to be a useful measure for stabilization and
performance, e.g. the ﬁnite gain stability and H1
disturbance attenuation (Schaft 1991, 1992). By
applying the nonlinear H1 control to the null space
dynamics, the resulting robust control law deﬁnes
a suitable switching surface. The L2 gain property is
realized when the sliding mode occurs.
In SMC, designing a suitable reaching control law
is as important as designing an appropriate switching
surface. Traditionally this control law is to force the
system to reach and then stay on the switching surface.
Nevertheless, this feature alone is no longer suﬃcient
when the unmatched null space uncertrainties are
present. The null space nonlinear dynamics may go
diverging in a period shorter than the reaching time,
if the L2 gain property does not hold during the
reaching phase. Obviously, L2 gain property should be
guaranteed not only for the sliding phase, but also for
the reaching phase. This is achieved in the proposed
control by again combining SMC and nonlinear H1
control.
The paper is organized as follows. In section 2,
the problem is presented. In section 3, a nonlinear
H1 switching surface is designed. Section 4 proposes a nonlinear H1 sliding mode control scheme.
Two illustrative examples are given in section 5 to
show the eﬀectiveness of the proposed scheme. Section
6 draws the conclusions.

bounded functions on ½0, 1Þ, ðDx f Þ ¼ @f ðx, yÞ=@x and
ðDy f Þ ¼ @f ðx, yÞ=@y are row vectors.

Notations: Rn denotes an n-dimension real vector
space, k  k is the Euclidean norm and induced matrix
norm, L2 ½0, 1Þ is the space of square integrable functions on ½0, 1Þ, L1 ½0, 1Þ is the space of uniformly

f1 ðx1 , tÞ  fðx1d ,rðtÞ, tÞ ¼ g1 ðe1 ,tÞ þ B1 ðx1 ,tÞfðx1 ,x1d , rðtÞ,tÞ,

2. Problem fomulation
Consider the following nonlinear cascade system


x_ 1 ¼ f1 ðx1 , tÞ þ B1 ðx1 , tÞuðx2 Þ þ C1 ðx1 , tÞw1
x_ 2 ¼ f2 ðx, tÞ þ B2 ðx, tÞ½I þ B2 ðx, tÞ½u þ w2 ðx, tÞ,
ð1Þ

where x ¼ ½xT1 , xT2 T is a physically measurable state
vector, x1 2 Rn is the null space dynamics and
x2 2 Rm is the range space dynamics, u 2 Rm denotes
the control input, w1 2 Rl is the external disturbance
and w2 2 Rm is the matched uncertainties. The
mappings f1 2 Rn , u 2 Rm , f2 2 Rm , B1 2 Rnm ,
C1 2 Rnl and B2 2 Rmm are known and smooth with
respect to x and continuous with respect to time t.
B2 2 Rmm represent the uncertainties in the control
input. @u=@x2 6¼ 0 is bounded in D  Rm \ ½0, 1Þ. The
relation m  n holds for the system.
In this paper, the x1 subsystem in ð1Þ is required to
track the desired reference model
x_ 1d ¼ fðx1d , rðtÞ, tÞ,

ð2Þ

where r(t) is a smooth reference input. Deﬁne e1 ¼
x1  x1d . The error dynamics of the x1 subsystem can
be written as
e_ 1 ¼ f1 þ B1 u þ C1 w1  x_ 1d
¼ f1 þ B1 u þ C1 w1  f:

ð3Þ

The system ð1Þ is assumed to satisfy the following
assumptions.
Assumption 2.1: The
control
input
uncertainty
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
satisﬁes kB2 k ¼ max ðBT2 B2 Þ  "b2 ðx, tÞ, where 0 
"b2 ðx, tÞ < 1 is a positive function.
Assumption 2.2: The matched uncertainties in x2
subsystem
is norm bounded by a known function, i.e.
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
kw2 k ¼ w22, 1 þ    þ w22, m  2 ðx, tÞ, where 2 ðx, tÞ  0 is
a known positive function.
Assumption 2.3:
for 8x2 .

The matrix ðDx2 uÞB2 is of full rank

Assumption 2.4: There exists a smooth function fðÞ
such that the following matching condition holds,

where n_ ¼ g1 ðn, tÞ is asymptotically stable.
fðÞ is a smooth function with respect to its arguments.

On nonlinear H1 sliding mode control
According Assumption 2.4 and the error dynamics
ð3Þ, system ð1Þ with the control objective ð2Þ can be written as
e_ 1 ¼ g1 þ B1 ðu þ fÞ þ C1 w1

ð4Þ

x_ 2 ¼ f2 þ B2 ðI þ B2 Þðu þ w2 Þ:

ð5Þ

985

where V1 ðe1 , tÞ, 8e1 2 Rn and t  0 is a positive deﬁnite
smooth solution of the following Hamilton–Jacoby
inequality
Dt V1 þ ðDe1 V1 Þg1  ðDe1 V1 Þ
þ


B1 BT1 
De1 VT1
r1

1
ðDe1 V1 ÞC1 CT1 ðDe1 V1 ÞT þ eT1 e1  0,
421

ð9Þ

with r1 ðx1 , x1d , tÞ > 0.
3. Nonlinear H1 sliding mode design
1

The nonlinear H control aims to obtain a prespeciﬁed
performance–disturbance attenuation from the external
disturbance to the state variable, i.e. the robust L2
gain 1 from w1 to e1, as deﬁned below
ðt
0

ðt
ke1 k2 d  1 ðe1 ð0Þ, 0Þ þ 21 kw1 k2 d, 8w1 2 L2 ½0, tÞ,
0

ð6Þ
where t 2 ½0, 1Þ and 1 ðe1 ð0Þ, 0Þ is a positive real valued
function depending on the initial conditions.
For e1 subsystem, uðx2 Þ can be regarded as a virtual
control input. If C1 w1 is absent from the null space
dynamics (4), the switching surface design can be
easily accomplished by choosing r ¼ uðx2 Þ þ f. Once
entering the sliding mode, r ¼ uðx2 Þ þ f ¼ 0. Then the
error dynamics (4) become e_ 1 ¼ g1 ðe1 , tÞ, that is, the
resulting sliding manifold is asymptotically stable and
e1 ! 0 as t ! 1. If C1 w1 is present, r ¼ 0 renders
a sliding manifold
e_ 1 ¼ g1 þ C1 w1
which in the worst case may go divergent due to the
strong eﬀect of the disturbance. Since C1 w1 could be
unmatched, the best we can do is to limit its eﬀect at a
prescribed level through the entire reaching and sliding
phases. The L2 ½0, 1Þ nature of w implies that the
eﬀect of disturbance will disappear gradually, therefore
the asymptotic convergence of e1 still retains.
From L2 gain property (6), we can see that nonlinear
H1 control is a good control candidate to reduce the
disturbance eﬀect.
Theorem 3.1: The L2 gain (6) is achieved for
system (4) when the following nonlinear H1 sliding
mode holds
rðx1 , x1d , x2 , tÞ ¼ r1 ðx1 , x1d , tÞ þ uðx2 Þ ¼ 0,
r1 ðx1 , x1d , tÞ ¼

1
BT ðDe1 V1 ÞT þ f,
r1 ðx1 , x1d , tÞ 1

ð7Þ

Proof: When in the sliding mode deﬁned in (7), we
have u ¼ ð1=r1 ÞBT1 ðDe1 V1 ÞT  f with V1 the solution
of the Hamilton–Jacoby inequality (9). Hence u is a
nonlinear H1 control law for (4) (Shen and Tamura
1995).
In order to show the L2 gain property, diﬀerentiating
the smooth solution V1 ðe1 , tÞ


V_ 1 ¼ Dt V1 þ ðDe1 V1 Þ g1 þ B1 ðu þ fÞ þ C1 w1
¼ Dt V1 þ ðDe1 V1 Þg1 þ ðDe1 V1 ÞC1 w1
 ðDe1 V1 Þ

B1 BT1
ðDe1 V1 ÞT
r1

¼ ðDt V1 Þ þ ðDe1 V1 Þg1  ðDe1 V1 Þ

B1 BT1
ðDe1 V1 ÞT
r1

1
ðDe1 V1 ÞC1 CT1 ðDe1 V1 ÞT
421
2


 1 T
T


C1 ðDe1 V1 Þ  1 w1 

21
B1 BT1
 Dt V1 þ ðDe1 V1 Þg1  ðDe1 V1 Þ
ðDe1 V1 ÞT þ 21 wT1 w1
r1
1
þ 2 ðDe1 V1 ÞC1 CT1 ðDe1 V1 ÞT :
ð10Þ
41
þ 21 wT1 w1 þ

If V1 is the smooth solution of the Hamilton–Jacoby
inequality ð9Þ, then ð10Þ becomes
V_ 1 ðe1 , tÞ  eT1 e1 þ 21 wT1 w1 :

ð11Þ

Integrating both sides of ð11Þ from 0 to t yields
ðt
ðt
2
2
V1 ðe1 , tÞ  V1 ðe1 ð0Þ, 0Þ   ke1 k d þ 1 kw1 k2 d:
0

0

ð12Þ
Because V1 ðe1 , tÞ  0, we can achieve the following H1
performance from ð12Þ
ðt

2

ke1 k d  1 ðe1 ð0Þ, 0Þ þ
0

21

ðt

kw1 k2 d,

ð13Þ

0

ð8Þ
where 1 ðe1 ð0Þ, 0Þ ¼ V1 ðe1 ð0Þ, 0Þ.

œ
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4. Nonlinear H1 sliding mode control scheme
Traditionally, the SMC in range space is designed in
such a way that the reaching condition is guaranteed.
This requires a ﬁnite reaching time for the states x
to reach the switching surface r ¼ 0, and stay on it
afterwards. Often a quadratic function V0 ¼ 12 rT r
is selected and the reaching control law is such
designed that V_ 0  krk, consequently r reaches zero
in ﬁnite time.
It is worth to note that, in the above SMC design the
behaviour of the null space dynamics is rather uncertain
during the reaching phase. Since dimðrÞ ¼ m <
dimðxÞ ¼ n, V0 is not radially unbounded in x, i.e. V0
is not a Lyapunov function of x. In general r < 1
does not imply the boundedness of the system states x,
unless the system enters the designated stable sliding
manifold. Will the null space dynamics produce a
ﬁnite escape time during reaching phase? This will not
happen when the null space dynamics is global
Lipschitz continuous. A linear null space dynamics is
global Lipschitz continuous, thus x1 would not escape
to inﬁnity in any ﬁnite time. However, we have to be
cautious if there exists non-global Lipschitz continuous
(NGLC) components in the null space dynamics. In
Xu and Zhang (2002), a control Lyapunov function
approach is proposed to ensure that the states x are
bounded during the reaching phase. This approach
however requires the complete knowledge about the
null space dynamics. What can we do if there are
NGLC type nonlinearities as well as L1 ½0, 1Þ type
uncertainties in the null space subsystem?
Obviously, the SMC law has to take both NGLC and
uncertain factors into consideration, so as to prevent the
ﬁnite escape time phenomenon. In this section, we ﬁrst
show that, by incorporating the nonlinear H1 control
into SMC, the L2 gain property retains in the reaching
phase. Next we prove that the system states are bounded
for both reaching and sliding phase. Then we can derive
the ﬁnite reaching time property for the system to reach
the switching surface.
Theorem 4.1: Consider the nonlinear uncertain system
ð4Þ–ð5Þ, the system achieves robust L2 gain 0
(0  1 > 0) from w1 to e1 by the following sliding
mode control law
u ¼ uc þ us ,
h
uc ¼ 1 Dt r1 þ ðDx1d r1 Þx_ 1d þ Sðf1 þ B1 uÞ
i
1
þ Dx2 f2 þ 2 SC1 CT1 ST r ,
4m

T r
us ¼ 
,
1  "b2 kT rk

¼ Dx1 r1 2 Rmn , ðx, tÞ ¼ ðDx2 uÞB2 2
where Sðx1 , x1d , tÞqﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
mm
R
,
m ¼ 20  21 ,
ðx, x1d , tÞ ¼ "b2 kuc k þ ð1 þ
"b2 Þ2 þ  and  > 0 is a positive constant.
We ﬁrst construct a Lyapunov function

Proof:

Vðx, x1d , tÞ ¼ V1 ðe1 , tÞ þ V0 ðrÞ ¼ V1 ðe1 , tÞ þ 12 rT r  0:
ð17Þ
Since x1d is ﬁnite, it is easy to verify that V is radially
unbounded in x. Using the switching surface
constructed in ð7Þ, ð8Þ, and under the control law
(14)–(16), the derivative of V0 is
V_ 0 ¼ rT r_ ¼ rT Dt r1 þ ðDx1d r1 Þx_ 1d þ ðDx1 r1 Þx_ 1
þ ðDx2 uÞx_ 2
T

¼ r Dt r1 þ ðDx1d r1 Þx_ 1d þ ðDx1 r1 Þðf1 þ B1 uÞ
þ rT ðDx2 uÞ½f2 þ B2 ðI þ B2 Þðu þ w2 Þ
þ rT ðDx1 r1 ÞC1 w1
¼ rT Dt r1 þ ðDx1d r1 Þx_ 1d þ Sðf1 þ B1 uÞ
þ ðDx2 uÞf2 þ uc þ rT SC1 w1
þ rT ½B2 uc þ ðI þ B2 Þðus þ w2 Þ
 rT ½B2 uc þ ðI þ B2 Þw2  þ rT ðI þ B2 Þus


1 T
r SC1 CT1 ST r þ rT SC1 w1
42m

 krT k½"b2 kuc k þ ð1 þ "b2 Þ2  þ rT ðI þ B2 Þus


1 T
r SC1 CT1 ST r þ rT SC1 w1
42m

 kT rk 

1 T
r SC1 CT1 ST r þ rT SC1 w1
42m

 kT rk 

1 T
r SC1 CT1 ST r þ rT SC1 w1
42m

ð18Þ
ð19Þ

 2m wT1 w1 þ 2m wT1 w1

1 T
T
 k rk 
r SC1  m wT1
2m

1 T T

S C1 r  m w1 þ 2m wT1 w1
2m
 kT rk þ 2m wT1 w1 :

ð20Þ

ð14Þ
Using the result ð11Þ and ð20Þ, the derivative of the
constructed Lyapunov function V in ð17Þ is
ð15Þ
ð16Þ

V_ ¼ V_ 1 þ rT r_  eT1 e1 þ 21 wT1 w1  kT rk þ 2m wT1 w1


 eT1 e1 þ 21 wT1 w1 þ 20  21 wT1 w1 ¼ eT1 e1 þ 20 wT1 w1 :
ð21Þ
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Integrating both sides of ð21Þ, we have

Ðt
Proof: (a) If w1 2 L2 ½0, 1Þ, then 0 kw1 k2 d  Md ,
where Md is a ﬁnite constant. From ð22Þ,

Vðxð0Þ, x1d ð0Þ, 0Þ  Vðx, x1d , tÞ  Vðxð0Þ, x1d ð0Þ, 0Þ
ðt
ðt
2
2
  ke1 k d þ 0 kw1 k2 d, ð22Þ
0
0
ðt
ðt
2
2
) ke1 k d  ðxð0Þ, x1d ð0Þ, 0Þ þ 0 kw1 k2 d,

ðt
Vðx, x1d , tÞ  Vðxð0Þ, x1d ð0Þ, 0Þ   ke1 k2 d
0
ðt
þ 20 kw1 k2 d,

0

ð26Þ

0

0

) Vðx, x1d , tÞ  Vðxð0Þ, x1d ð0Þ, 0Þ þ 20 Md :

ð23Þ

ð27Þ
where ðxð0Þ, x1d ð0Þ, 0Þ ¼ Vðxð0Þ, x1d ð0Þ, 0Þ. Hence ð23Þ
holds throughout the entire tracking period, i.e. the
H1 performance is achieved.
œ
Remark 1: In the nonlinear uncertain system ð4Þ, if
g1 ðe1 , tÞ can be expressed as G1 ðe1 , tÞe1 , when G1 ðe1 , tÞ
is a matrix-valued smooth function, then the HJB
inequality can be simpliﬁed into the following
diﬀerential Riccati inequality


1 _
1
2P þ 2


B1 BT1
1
PG1 þ GT1 P  P
 2 C1 CT1 P þ Inn  0,
r1
41
ð24Þ

where Pðe1 , tÞ 2 Rnn is a symmetric positive deﬁnite
smooth matrix. The e1 subsystem warrants a robust L2
gain 1 from w1 to e1 by the nonlinear control law
u¼

1 T
B Pe1  f,
r1 1

ð25Þ

which also speciﬁes the switching surface as r1 ¼ u.
Note that the r1 function and the parameter 1 may aﬀect
the solvability of the inequality (24) in practical design.
In general, the selection of r1 and 1 depends on the
designed system speciﬁcations. For example, given a
value of 1, if P is selected as a constant matrix and G1
is such a stable matrix that the term 12 ðPG1 þ GT1 PÞ is
stable enough to deal with the positive terms Inn and
1=ð421 ÞC1 CT1 in (24), then the selection of r1 ðÞ is not
very critical since the eigenvalues of term BBT satisfy
i ðBBT Þ  0, i ¼ 1, . . . , n. Though depending on the
speciﬁc system dynamics, in general r1 and 1 should
be selected such that their contributions to the inequality
(24) makes the left part to be negative deﬁnite.
As the second step, let us prove the boundedness of
the system states, which is directly related to the uncertainty w1. The following Corollary considers two types
of w1 commonly encountered in control problems.
Corollary 4.2:

With the proposed controller (14)–(16):

(a) if w1 2 L2 ½0, 1Þ, all the system states are bounded;
(b) if w1 2 L2 ½0, 1Þ \ L1 ½0, 1Þ, limt!1 e1 ðtÞ ¼ 0 and
x2 is bounded.

Because Vðx, x1d , tÞ is radially unbounded in x, ð27Þ
means that x is bounded.
Ð t (b) 2If w1 2 L2 ½0, 1Þ \ L1 ½0, 1Þ, then we have
0 kw1 k d  Md and kw1 k  d , where d is a constant.
The inequality ð21Þ becomes
dVðx, x1d , tÞ
 ke1 k2 þ 20 2d ,
dt
which shows that ke1 k  0 d is bounded. Thus from
the system dynamics ð4Þ, e_ 1 is bounded and as a result
eÐ 1 is uniformly continuous. Note that in ð23Þ,
t
2
0 ke1 k d is bounded because w1 2 L2 ½0, 1Þ. Using
Barbalat’s Lemma (Narendra and Annaswamy 1989),
it is straightforward to reach the conclusion that
limt!1 e1 ðtÞ ¼ 0.
œ
Now we are in a position to derive the ﬁnite reaching
time property, which is indispensable in any SMC.
Theorem 4.3: Under the sliding mode control law
(14)–(16), system ð4Þ can reach the switching surface
r ¼ 0 in ﬁnite time when w1 2 L2 ½0, 1Þ.
Proof:

From ð19Þ, the derivative of V0 is

1
V_ 0 ¼ rT r_  kT rk þ rT SC1 w1  2 rT SC1 CT1 ST r
4m
 kT rk þ kw1 kkSC1 kkrk
 ðÞkrk þ  ðSC1 Þkw1 kkrk
rT r_
) pﬃﬃﬃﬃﬃﬃﬃﬃ  ðÞ þ  ðSC1 Þkw1 k,
rT r

ð28Þ

where  ðAÞ and ðAÞ are the maximum and the
minimum singular
Ð 1values of a matrix A. Note that
w1 2 L2 ½0, 1Þ ) 0 kw1 k2 d < 1. Therefore
8"0 > 0,
Ðt
9t0 > 0, and t2 > t1 > t0 , such that t21 kw1 k2 d < "0 .
Using Hölder inequality (Lusternik and Sobolev 1961),
ð t2

ð t2
kw1 k  1 d 

kw1 k2 d

<

pﬃﬃﬃ 1
"0 ðt2  t1 Þ:

t1

t

1=2 ð t2

1=2

1 d
t1

ð29Þ
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From Assumption 2.3  is of full rank. From
Corollary 4.2, x is bounded. Hence there exist positive
constants c  ðÞ and  c   ðSC1 Þ. ð28Þ becomes
rT r_
pﬃﬃﬃﬃﬃﬃﬃﬃ  c þ  c kwT1 k:
rT r

ð30Þ

By integrating both sides of the inequality ð30Þ and
using ð29Þ,
ð t2

T

r r_
pﬃﬃﬃﬃﬃﬃﬃﬃ dt ¼
rT r
t1

ð t2

V_ 0
pﬃﬃﬃﬃﬃﬃﬃﬃ dt  
2V0
t1

where  and are positive constants. In the following
Corollary, we show that the L2 gain property is retained
by the smoothing control law ð33Þ.
Corollary 4.4: Consider the uncertain nonlinear
system ð4Þ–ð5Þ, with w1 2 L2 ½0, 1Þ, the controller in
ð14Þ, ð15Þ and ð33Þ guarantees that: a ﬁnite L2 gain
performance is achieved, all the variables are bounded.
Moreover, if w1 2 L2 ½0, 1Þ \ L1 ½0, 1Þ, the tracking
error e1 converges to zero asymptotically.
Proof: According to the proof in Theorem 4.1, from
ð18Þ, using the smoothing control ð33Þ, the derivative
of V0 becomes

ð t2
c dt

t1
ð t2


T
T
_
V0  ð  Þkr k  r ðI þ B2 Þ

 c kw1 kdt

þ
t1

1  "b2
T r
 T
k rk þ e t
1
 2 rT SC1 CT1 ST r þ rT SC1 w1
4m
 T
kT rk2
r SC1
T
 kr k  T

 m wT1
k rk þ e t
2m
 T T
S C1 r

 m w1 þ 2m wT1 w1
2m
kT rke t

þ 2m wT1 w1  e t þ 2m wT1 w1 :
kT rk þ e t
ð34Þ

pﬃﬃﬃﬃﬃﬃﬃﬃ V ðt Þ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2V0 jV00 ðt21 Þ ¼ 2V0 ðt2 Þ  2V0 ðt1 Þ < c ðt2  t1 Þ
pﬃﬃﬃﬃﬃ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
þ "0  c t2  t1 :
ð31Þ
In the following part, it is shown that t2 is ﬁnite such
that sliding mode can be reached at time t ¼ t2 > t1
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
which means that V0 ðt2 Þ ¼ 0. Denote z ¼pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t2  t1 > 0,
pﬃﬃﬃﬃﬃ
q0 ¼ c > 0, q1 ¼ "0  c > 0 and q2 ¼ 2V0 ðt1 Þ > 0.
Let V0 ðt2 Þ ¼ 0, ð31Þ can be rewritten as a linear
quadratic inequality as
q0 z2  q1 z  q2 < 0:

ð32Þ

Using ð11Þ and ð34Þ, it is straightforward to get

Solving the inequality ð32Þ, we have

0<z¼

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t2  t1 <

V_  eT1 e1 þ 21 wT1 w1 þ e t þ 2m wT1 w

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
q1 þ q21 þ 4q0 q2
2q0
0

) t2 < t1 þ @

q1 þ

¼ eT1 e1 þ 20 wT1 w1 þ e t :

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ12
q21 þ 4q0 q2
A ,
2q0

By integrating both sides of ð35Þ, we have

Remark 2: Due to the presence of unmatched
disturbance of L2 ½0, 1Þ type, it is not possible to specify
the reaching time t2.
The unit vector control law us in ð16Þ may incur
chattering when the system reaches the sliding mode
in ﬁnite time. In order to eliminate the chattering
phenomenon, us is modiﬁed as below

us ¼ 

1  "b2

Vðx, x1d , tÞ  Vðxð0Þ, x1d ð0Þ, 0Þ
ðt
ðt

 ke1 k2 d þ 20 kw1 k2 d þ ð1  e t Þ,

œ

which shows that t2 is ﬁnite.

T r
,
kT rk þ e t

ð35Þ

ð33Þ

0

ðt
)
0

0

ðt

ð36Þ

ke1 k2 d  ðxð0Þ, x1d ð0Þ, 0Þ þ 20 kw1 k2 d
0



þ ð1  e

 t

Þ:

ð37Þ

From the inequality ð37Þ, a ﬁnite L2 gain performance
is achieved. Moreover, as shown in Corollary 4.2, the
inequality ð36Þ implies that all the states of the system
are bounded. If w1 2 L2 ½0, 1Þ \ L1 ½0, 1Þ, we have
œ
limt!1 e1 ðtÞ ¼ 0.

On nonlinear H1 sliding mode control
5. Illustrative examples
In this section, we present two examples. In the ﬁrst
example, it is shown that the proposed nonlinear H1
sliding mode control can be successfully applied to a
nonlinear cascade system with unmatched uncertainties.
In the second example, the proposed method is
compared with the suboptimal VSC method. It shows
that the existence of NGLC terms in the null space
dynamics may lead to divergence during the reaching
phase if the control system does not possess the robust
L2 gain property for the entire tracking period.
A. Example 1
Consider a nonlinear uncertain cascade system

x_ 1 ¼ f1 ðx1 , tÞ þ b1 ’ðx2 Þ þ C1 ðx1 , tÞw1
x_ 2 ¼ f2 ðx, tÞ þ b2 ðx, tÞ½1 þ b2 ðx, tÞ½u þ w2 ðx, tÞ,
ð38Þ
where

C1 ¼

1

x11

2 4
cosðx12 Þ sinðx12 Þ
sinðx11 Þ

cosðx11 Þ
T

w1 ¼ e0:1t , e0:5t ,
b2 ¼ 0:2 cosðx12 Þ,

x12

,

b1 ¼

0
1


uc ¼  D t

1 þ ½0 10Pðf1 þ b1 x2 Þ þ f2 þ



1
SC1 CT1 ST
42m

,

ð40Þ
us ¼ 


,
0:8 j j þ e0:1t

Case 2:

¼ 0:2juc j þ 1:2:

ð41Þ

1 ¼ 3

When 1 ¼ 3,qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
according to the design procedure in
Case 1, m ¼ 20  21 ¼ 1:8 and

,

P¼

2:7095
0:2889

0:2889
:
0:21183

,

f2 ¼ x11 sinðx2 Þ,

w2 ¼ sinð tÞ,

b2 ¼ 1, ’ðx2 Þ ¼ x2 , x11 ð0Þ ¼ x12 ð0Þ ¼ 0:5,
x2 ð0Þ ¼ 0:2, "b, 2 ¼ 0:2 and 2 ¼ 1:
The target trajectory is x11d ¼ 0:2 sinð tÞ and
x12d ¼ x_ 11d ¼ 0:2 cosð tÞ. The error dynamics of x1
subsystem in ð4Þ can be expressed as

The resulted control law has the same form as in ð40Þ
and ð41Þ.
In ﬁgure 1, it is shown that the tracking error
approaches zero asymptotically, i.e., limt!1 e1(t) ¼ 0.
It is noted that the smaller the value 1 (e.g. 1 ¼ 1:8),
the better the transient performance in attenuating the
eﬀect of external disturbance in x1 subsystem.
Ð t Figure 2
shows the integral of the error signal 0 ke1 k2 d.
(a) 1.5
Error e11

e_ 1 ¼ G1 e1 þ b1 ½’ þ ðtÞ þ C1 w1 ,
where ðtÞ ¼ x_ 12d  2x11d  4x12d .
Case 1:

Thus from ð25Þ, we have ’ðx1 , x1d , tÞ ¼ ð1=r1 Þ
bT1 Pe1  ðtÞ. The switching surface is ¼ x2 þ 1 ¼
x2  ’ðx1 , tÞ ¼ x2 þ ½0 10Pe1  ðtÞ. From Theorem
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ 4.1,
choose  ¼ 1,  ¼ 0:5, 0 ¼ 3:5, m ¼ 20  21 ¼ 3
and S ¼ ½0 10P, the system possesses the robust
L2 gain 0 from w1 to e1 by the controller u ¼ uc þ us ,
where

1 ¼ 1:8

In x1 subsystem, according to Remark 1, we ﬁrst choose
V1 ðe1 , tÞ ¼ 12 eT1 Pe1 , where P is determined by the diﬀerential Riccati inequality ð24Þ. When P_ ¼ 0, 1 ¼ 1:8 and
r1 ¼ 0:1, from the linear algebraic matrix inequality
b1 bT1
1
T
1
 2 C1 CT1 P þ I22  0,
2ðPG1 þ G1 PÞ  P
r1
41
ð39Þ
and using the singular value of the matrix C1, which is 2,
we can get a symmetric positive deﬁnite smooth matrix

r1 = 1.8
r1 = 3

1
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(b)

r1 = 1.8
r1 = 3

0.5

Error e12

0

f1 ¼ G1  x1 ¼

989

0
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30
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40

45

50

Time (sec)

P¼

5:4398
0:65719

0:65719
:
0:262

Figure 1. The evolution of the tracking error e1: (a) e11 ;
(b) e12 (Solid line – 1 ¼ 1:8; Dashed line – 1 ¼ 3).
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Figure 2. The integral 0 ke1 k2 d of the tracking error e1
(Solid line – 1 ¼ 1:8; Dashed line – 1 ¼ 3).

Figure 3. (a) The evolution of the tracking error e1 under the
proposed controller; (b) The integral of the tracking error.

The desired H1 performance ð6Þ has been achieved with
the prescribed attenuation level 1.

Zhang (2001), the switching surface is r ¼ Ps e1 þ
x2 þ f, where

B. Example 2
To make comparisons with the suboptimal VSC method
in (15), the following cascade system with matched
uncertainties is considered
(

x_ 1 ¼ f1 ðx1 , tÞ þ B1 ðx1 , tÞuðx2 Þ þ C1 ðx1 , tÞw1
x_ 2 ¼ f2 ðx, tÞ þ B2 ðx, tÞ½I þ B2 ðx, tÞ½u þ w2 ðx, tÞ
ð42Þ

where f1, w1, x1 ð0Þ and "b, 2 are the same as in example 1,
C1 ¼ diagð1 þ x211 , 0:5Þ, uðx2 Þ ¼ x2 , B1 ¼ B2 ¼ I22 ,
f2 ¼ ½x11 sinðx21 Þ, x12 sinðx22 ÞT , B2 ¼ diag½0:2 cosðx12 Þ,
0:2 sinðx21 Þ, w2 ¼ ½sinð tÞ, cosð tÞT , x2 ð0Þ ¼ ½0:2, 0:2T
and 2 ¼ 1:5.
The designed parameters of the proposed controller
are

1 ¼ 0:3, 0 ¼ 3:5, r1 ¼

p0 ¼

ð2 þ

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4þ2 Þ

421
,
ð1 þ x211 Þ2

"
P¼

p11

p0

,

p0 p22
h
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃi
4 þ 16 þ 2 ð1 þ p0 Þ

p11 ¼ p0 p22 þ 4p0 þ 2p22 and

,
¼

0:774
0:098

0:098
0:146

with Ð Q ¼ R ¼ I for the optimal control task
1
inftðÞ 0 ½eT1 Qe1 þ tT Rtdt, and f ¼ ½0,  x_ 12d  2x11d 
4x12d T .
Figure 3 shows the tracking error and its integral
of the proposed nonlinear H1 sliding mode controller.
It is straightforward to see that the proposed control
scheme achieves asymptotic convergence. On the
contrary, when applying the suboptimal VSC controller
(Xu and Zhang 2001), the system diverges as shown
in ﬁgure 4. This is due to the existence of the NGLC
term 1 þ x211 in C1, which results in the ﬁnite escape
time phenomenon.

6. Conclusions

#

, p22 ¼

Ps ¼

0:75 þ 2x211 þ x411
:
221

In the construction of the suboptimal VSC, the
uncertainty w1 is not taken into consideration because
its upbound is not available. According to Xu and

By synthesizing sliding mode control and nonlinear H1
techniques, a novel nonlinear H1 sliding mode control
scheme is developed for tracking control problems.
Several fundamental issues of SMC have been explored
in this work. First, by means of the nonlinear H1
method, a nonlinear switching surface is constructed,
which ensures a stable sliding manifold even in the
presence of unmatched uncertainties. Second, a new
reaching control law in conjunction with a Lyapunov
function is proposed to obtain the L2 gain property
for the entire tracking period, as a result guarantee
the system behaviour in the reaching phase. Third, the
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Figure 4. The performance under the conventional suboptimal
VSC controller: (a) The evolution of the tracking error e11 ;
Ðt
(b) The evolution of the tracking error e12 ; (c) The integral 0 ke1 k2 d of the tracking error e1.

nature and eﬀect of L2 ½0, 1Þ and L1 ½0, 1Þ type system
uncertainties have been made clear. In the sequel
appropriate control mechanisms can be devised to
eﬀectively attenuate or eliminate these inﬂuences.
Focusing on theoretical analysis, in this work only
numerical examples were provided to demonstrate the
eﬀectiveness of the proposed method. The extension of
the proposed approach to practical nonlinear cascade
systems will be our next step.
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