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High-Order Block Sliding-Mode Controller for a
Synchronous Generator With an Exciter System
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Abstract—This paper deals with the design of robust regulation
for both angular speed stability enhancement and voltage in syn-
chronous generator machines with an excitation control system.
The designed controller is based on the block control technique
combined with a sliding-mode (SM) control approach. The block
control is used to design a nonlinear sliding manifold with the
desired stability property. In order to attenuate the chattering
effect which can appear in the presence of the exciter’s unmodeled
dynamics, a high-order SM algorithm and a robust exact differen-
tiator are employed. The efficiency of the proposed controller, i.e.,
robustness and high accuracy, is verified via simulations.

Index Terms—Excitation control system, power system control,
power system stability, sliding-mode (SM) control, synchronous
generator.

I. INTRODUCTION

THE ROBUST controller design for excitations in a single
synchronous generator connected to an infinite bus (see

Fig. 1) remains one of the interesting problems in power system
stabilization. The relevance of this controller lies in the fact that
both the speed and the voltage are very important indexes de-
termining the quality of the supplied energy to the consumers.
Therefore, it is important to design robust excitation controllers
that are capable of maintaining operation within adequate sta-
bility margins for these controlled outputs and an acceptable
performance despite variations in the plant’s parameters and
external disturbances (i.e., externally applied load torques and
momentary short circuits of the electrical output).

The excitation control system functionally consists of an
exciter and an automatic voltage regulator [(AVR); see Fig. 1].

The aim of this regulator is to keep the terminal voltage
equal to the prescribed value Vref . To provide the sufficient
damping of multimodal oscillations, at all credible operating
conditions, a supplementary control loop known as the power
system stabilizer (PSS) is often added. It should be noted that
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Fig. 1. Excitation control system.

the oscillations can be caused by a negative influence of the
AVR in transient process [1], [2].

Traditionally, the PSS design is based on linearized dynamic
equations (see, for example, [1] and [3]), and consequently,
only local stability for a specific operation point is achieved.
Recently, to overcome the limitation of linear control, attention
has been focused on the implementation of modern control
techniques, e.g., adaptive linear control [4], [5], intelligent
control such as fuzzy logic [6], [7] and neural networks [8],
[9], control based on the direct Lyapunov method [2], adaptive
control [10], feedback linearization (FL) technique [11], and
others. In [12], it has been given a proposal of the nonlinear
field voltage controller for synchronous generator stabilization
via FL control. All the mentioned controllers provide larger
stability margins with respect to traditional controllers. On the
other hand, due to its low sensitivity to parameter variations
and external disturbances, sliding-mode (SM) control [13] is a
well-established control method for applications in nonlinear
plants [14]–[17]. Based on this technique, an SM controller
has been suggested in [18] for a single synchronous machine
connected to an infinite bus and, in [19], for multimachine
systems. The proposed first-order SM (FOSM) controller, how-
ever, can lose robustness in the presence of the exciter system’s
unmodeled dynamics with relative degree two, which were not
considered in [18]. In fact, the exciter system dynamics are
slow with respect to stator variables and fast with respect to
mechanical and flux dynamics. In a continuous control scheme
(see, for example, [3]), the effects of these fast dynamics
rapidly decay since they are stable, and therefore, the exciter
dynamics could be omitted. On the other hand, the unmodeled
exciter dynamics can generate chattering in the power system
with the FOSM controller (see, for example, [20]–[22]). This
chattering effect is manifested as vibrations in the mechanical
parts and undesirable heat losses, which lead to a low control
accuracy. Therefore, the design of a bounded controller for
the synchronous generator, keeping insensitivity with respect to
perturbations, and the reduction of the chattering effect, despite
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the presence of the unmodeled exciter dynamics, becomes to be
a challenging task.

This paper presents a novel approach to the stabilizer design
for a single synchronous machine connected to an infinite
bus in the presence of the exciter system dynamics. This
approach is based on block control technique [23], combined
with high-order SM (HOSM) algorithms [24]–[32]. At first,
the block control technique is applied to design a nonlinear
sliding manifold in such a way that an SM motion on this
manifold is described by a desired linear system. Because the
dynamics of the designed sliding variable have relative degree
three (due to the presence of exciter dynamics in the system),
then, the third-order SM algorithm is implemented to ensure the
SM stability. The implementation of this algorithm needs the
calculation of the sliding function and its first and second time
derivatives. In the case of the synchronous generator’s complex
dynamics, direct calculations of these derivatives can result in a
computationally expensive control algorithm. For this reason, a
robust exact differentiator [26], [28] is employed.

This paper is organized as follows. Section II presents
the synchronous generator’s sixth-order model and exciter
system dynamics. In Section III, a brief description of the
FOSM and HOSM is given. In Section IV, the third-order SM
controller with a robust exact differentiator is designed, and
the closed-loop power system stability analysis is presented.
Section V presents the simulation results. Section VI gives
some conclusions.

Note that the stator currents are equal to the external network
ones.

II. MODEL OF SYNCHRONOUS GENERATOR

A. Basic Equations

The mathematical models for the synchronous generator are
based on the mechanical and electric equilibrium equations (see
[1] and [33]–[35]). The mechanical equilibrium equations for a
synchronous generator are given by

dδ

dt
= ω − ωb (1)

dω

dt
=

ωb

2H
t(Tm − Te) (2)

where δ is the power angle (in radians), ω is the angular velocity
of the rotor (in radians per second), ωb is the synchronous
angular velocity (in radians per second), H is the inertia
constant (in seconds), Tm is the mechanical torque [per unit
(p.u.)], and Te is the electromagnetic torque (p.u.). On the other
hand, the electric equilibrium equations, affected by the Park
transformations [33], [34], are expressed as

V = Ri +
ω

ωb
Gϕ +

1
ωb

dϕ

dt
(3)

ϕ = Li (4)

where t is the time in seconds, V = [νd, νq, νf , 0, 0, 0]T,
V g = [νd, νq]T, ϕ = [ϕd, ϕq, ϕf , ϕg, ϕkd, ϕkq]T, and i =
[id, iq, if , ig, ikd, ikq]T; the variables V , i, ϕ, R, and L rep-

Fig. 2. Single machine—infinite bus.

resent the voltage, current, flux linkage, resistance matrix, and
inductance matrix, respectively

R = diag(−rs,−rs, rf , rg, rkd, rkq)

G =

⎡
⎢⎢⎢⎢⎢⎣

0 −1 0 0 0 0
1 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

⎤
⎥⎥⎥⎥⎥⎦

L =

⎡
⎢⎢⎢⎢⎢⎣

−Ld 0 Lmd 0 Lmd 0
0 −Lq 0 Lmq 0 Lmq

−Lmd 0 Lf 0 Lmd 0
0 −Lmq 0 Lg 0 Lmq

−Lmd 0 Lmd 0 Lkd 0
0 −Lmq 0 Lmq 0 Lkq

⎤
⎥⎥⎥⎥⎥⎦ .

The equation for the electromagnetic torque is expressed in
terms of the currents and fluxes as

Te = ϕdiq − ϕqid. (5)

B. External Network

The synchronous machine is connected to an infinite bus
through a transmission line; see Fig. 2.

The model of the external line after Park’s transformations
can be written as [36]

V T = Lext
dis

dt
+ F(ω)is + V ∞Y (6)

where V T =
[
νd

νq

]
; is =

[
id
iq

]
; F (ω)=1/ωb

[
Rext −ωLext

ωLext Rext

]
Y =

[
sin δ
cos δ

]

Lext and Rext are the line inductance and line resistance, re-
spectively, in p.u.; V ∞ is the infinite bus voltage (p.u.) settled at
1; is is the current line (p.u.); V T is the voltage at the generator;
and δ is the generator’s power angle (in radians). Note that the
stator currents are equal to the external network ones.

C. State Space Model

From (1)–(6), neglecting the fast stator dynamics

μ
dis

dt
= Fz(x1,x2, is)

where

Fz =
[

c11x2x4+c12x2x6+c13x2iq+c14id+c15 sin x1

c21x2x3+c22x2x5+c23x2id+c24iq+c25 cos x1

]
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Fig. 3. Type 1 exciter control system.

and μ=1/ωb, by setting μ=0 and simplifying the aforemen-
tioned equations, we obtain the sixth-order power system model
which describes the rotor’s mechanical and electrical dynamics[

ẋ1

ẋ2

]
=

[
F1(x1,x2, Tm, id, iq)

F2(x1,x2, id, iq)

]
+

[
B1

0

]
efd (7)[

id

iq

]
=

[
c14 c13

c23 c24

]−1 [
c11x2x4 + c12x2x6 + c15 sin x1

c21x2x3 + c22x2x5 + c25 cos x1

]

:=
[

h1(x1,x2)
h2(x1,x2)

]
(8)

where x1 = (x1, x2, x3)T = (δ, ω, ϕf )T, efd is the exciter
voltage, x2 = (x4, x5, x6)T = (ϕg, ϕkd, ϕkq)T, and

F1=

⎡
⎣ x2−ωb

dmTm−[a21x3iq+a22x4id+a23x5iq+a24x6id+a25idiq]
a31x3 + a32x5 + a33id

⎤
⎦

B1=

⎡
⎣ 0

0
b3

⎤
⎦ dm =

ωb

2H

F2=

⎡
⎣ b11x4 + b12x6 + b13iq

b21x3 + b22x5 + b23id
b31x4 + b32x6 + b33iq

⎤
⎦ .

The coefficients of (7) and (8) depend on the plant’s parame-
ters. A more detailed development of the system modeling can
be found in several papers on power systems (see, for example,
[1], [3], and [36]).

D. Exciter Control System

In this paper, we consider the typical IEEE Type 1 exciter
system, which includes the continuously acting AVR and ex-
citer. The block diagram for this system is shown in Fig. 3. A
comprehensive description of this exciter system can be found
in [1] and [37].

From the block diagram, we write the following equations:

TE
defd

dt
= −(KE +SE(efd)) efd+V R (9)

TA
dVR

dt
= −VR+KARf +KA(Vref −VT )+u (10)

TF
dRf

dt
= −Rf −

KF (KE +SE(efd))
TE

efd+
KF

TE
VR (11)

where VT is the generator terminal voltage, VR is the regulator
reference voltage setting, Rf is the rated feedback stabilizing
transformer, TE and KE are the exciter’s parameters, and TF

and KF are the regulator stabilizing circuit’s time constant
and gain.

The output V R of the regulator amplifier with the time
constant TA and gain KA (which can be of the magnetic
or electronic type) is bounded by saturation or power-supply
restrictions; this is represented by the “nonwind” limits VRmax

and VRmin (with VRmin = −VRmax) [1]

V R =

{
VRmax, for VR ≥ VRmax

VR, for |VR|t < VRmax

VRmin, for VR ≤ VRmin

and in this paper, it is approximated by the smooth function

V R(VR) =
2VRmax

π
tan−1 λπVR

2VRmax

where λ = 1 is the slope of V R(VR). The block SE(efd) in
Fig. 3 represents the saturation function of the exciter. This
function is defined by the Working Group IEEE as a multiplier
of the exciter output efd to represent the increase in the excita-
tion system because of saturation. A commonly used expression
to approximate the exciter saturation SE(efd) is the exponential
function

SE(efd) = AeBefd

with A = 0.031 and B = 6.93 [1].
It is important to note that the actuator (9)–(11) already

has a typical voltage control regulator. In this paper, a robust
stabilizing controller design is considered, which replaces the
typical stabilizing controller (PSS). The advantages of the
proposed controller is that this controller can be implemented
in the existing exciter control system with the AVR, changing
only the PSS.

III. FOSM AND HOSM CONTROLLER DESIGNS

The main advantage of SM control is robustness in the pres-
ence of external and internal disturbances [13]. In Section III-A,
the FOSM controller is presented, and in Section III-B, the
HOSM control is described.

A. FOSM

Consider a class of nonlinear single-input–single-output
systems

ẋ = f(x) + b(x)u + g(x, t) y = h(x)

which can be presented (possibly after a nonlinear transforma-
tion) in a nonlinear block controllable form (NBC form) [23]
(or strict feedback form [39]) subject to uncertainty

ẋ1 = f1(x1)+b1(x1)x2+g1(x1, t)

ẋi = fi(xi)+bi(xi)xi+1+gi(xi, t), i=2, . . . , r−1 (12)

ẋr = fr(x)+br(x)u+gr(x, t)

ẋj = qj(ζ, η, t), j = r+1, . . . , n

y = x1 (13)
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where the state vector x ∈ X ⊂ �n is decomposed as x =
(x1, . . . , xr, xr+1, . . . , xn)T = (ζ, η)T, ζ = (x1, . . . , xr)T,
η = (xr+1, . . . , xn)T, xi = (x1, . . . , xi)T, i = 2, . . . , r, y
and u ∈ �; f , b, and h are known to be sufficiently smooth
vector valued functions of their arguments, g is a sufficiently
smooth and bounded vector valued function, and bi(xi) �= 0,
i = 1, . . . , r for all x ∈ X . We assume that f and b are known,
while g is an uncertain term which is composed by plant
parameter variations and external disturbances. We further
assume the following.

A1) The function q(ζ, η, t) = (qr+1(x, t), . . . , qr(x, t))T is
globally Lipshitz in (ζ, η).

A2) The equilibrium point η = 0 of the residual dynamics

η̇ = q(0, η, t)

is globally uniformly asymptotically stable.

The general SM design procedure is the following. First, the
output tracking error is defined as

z1 = x1 − yref =: ϕ1(x1, t) (14)

where yref is a reference signal. Then, using a block control
linearizing transformation [23]

z2 = b1(x1)x2 + f1(x1) + k1ϕ1(x1, t) − ẏref =: ϕ2(x1, t)

zi+1 = b̃i(xi)xi+1 − f̃i(xi) − kiϕi(xi, t) =: ϕi+1(xi+1, t),

i = 2, . . . , r − 1 (15)

where f̃i =
∑i−1

j=1[(∂ϕi/∂xj)fj + bjxj+1] + (∂ϕi/∂xi)fi +
(∂ϕi/∂t), b̃i = b̃i−1bi, and g̃i =

∑i
j=1(∂ϕi/∂xj)gj ; it is pos-

sible to show (see Appendix) that the system (12) and (13) can
be presented as

żi = − kizi + zi+1 + g̃i(zi, t), i = 1, . . . , r − 1

żr = f̃r(z̃r, η) + b̃r(z̃r, η)u + g̃r(z̃r, η, t)

η̇ = q(z̃r, η, t) (16)

where z̃r = (z1, . . . , zr)T, zi = (z1, . . . , zi)T, ki > 0, i =
1, . . . , r − 1, and b̃r = b1, b2, . . . , br. Taking advantage of this
system’s structure and choosing zr = 0 as a sliding manifold,
the control law

u = −u0b
−1
r sign(zr)

under the condition u0 > |f̃r(z̃r, η) + g̃r(z̃r, η, t)| makes the
sliding manifold zr = 0 attractive.

If the unmatched uncertainty g̃i(zi, t), i = 1, . . . , r − 1 is
bounded and assumptions A1 and A2 are met, then there exist
ki > 0, where i = 1, . . . , r − 1, such that the solutions of the
(n − 1)th order SM equation (SME)

żi = − kizi + zi+1 + g̃i(zi, t), i = 1, . . . , r − 2

żr−1 = − kr−1zr−1 + g̃r(zr−1, t)

η̇ = q(zr−1, η, t) (17)

are uniformly ultimately bounded [18], [23], i.e., the equilib-
rium point (zr−1 = 0, η = 0) of the nominal part of the system
(17) is practically stable.

Remark 1: A sliding variable s can also be selected as a
linear function of the tracking error

ξ1 = x1 − yref

and its derivatives

ξi = ξ̇i−1, i = 2, . . . , r (18)

calculated along the trajectories of the system (12) in the
absence of uncertainties

s = a1ξ1 + · · · + ar−1ξr−1 + ξr

where ai > 0, i = 1, . . . , r − 1. Then, the FOSM controller

u = −u0b
−1
r sign(s)

achieves SM motion on s = 0 in finite time. Now, the SME of
reduced (n − 1)th order can be derived as

ξ̇i = ξi+1 + gi(ξi, t), i = 1, . . . , r − 2

ξ̇r−1 = − a1ξ1 − · · · − ar−1ξr−1 + gr−1(ξr−1, t)

η̇ = q(ξr−1, η, t) (19)

where ξi =(ξ1, . . . , ξi)T. The parameters ai >0, i=1, . . . ,
r−1 in the system (19) are selected such that the polynomial
s(r) + ar−1s

(r−1) + · · · + a2s + a1 = 0 is Hurwitz, and then,
the equilibrium point (ξr−1 = 0, xr+1 = 0) of the nominal sys-
tem under assumptions A1 and A2, and bounded perturbation
gi(ξr−1, t), i = 1, . . . , r − 1, is practically stable.

Remark 2: It can be noted that, in order to derive the
block linearized transformation (15) or canonical variables
(18), it is necessary to calculate the successive derivatives of
fi(xi) and bi(xi), i = 1, . . . , r − 1, in (12), which results in
a computationally expensive control algorithm. Moreover, to
achieve robustness with respect to unmatched uncertainties
g̃i(zi, t), i = 1, . . . , r − 1, in the system (17) [or gi(ξr−1, t),
i = 1, . . . , r − 1, in the system (19)], the controller gains ki >
0, i = 1, . . . , r − 1 (or ai > 0, i = 1, . . . , r − 1) must be se-
lected sufficiently high.

To solve these problems and achieve more deep decomposi-
tion of the system (16), an HOSM controller combined with
a robust exact differentiator [25] will be applied in the next
section. It will allow reducing the SME (17) [or (19)] order
and achieving robustness of the closed-loop system with respect
to unmatched perturbations. Moreover, this combined approach
permits one to reduce a number of sensors since the only part
of the state variable is needed be measurable.

B. Nonlinear Block Controller With HOSMs

Assume that the system (12) and (13) models both the plant
and its actuator with the relative degrees k and q, respec-
tively, so that k + q = r; the plant variables (x1, . . . , xk) and
the first variable of the actuator xk+1 are admissible for the
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measurement; and g̃i(zi, t), i = k + 1, k + 2, . . . , r − 1, is a
sufficiently smooth function. Thus, choosing s0 in (15)

s0 =: zk+1 = ϕk+1(xk+1), 1 < k < r − 2

as a sliding variable and then taking its successive derivatives,
straightforward calculations give

żi = − kizi + zi+1 + g̃i(zi, t), i = 1, . . . , k − 1

żk = − kkzk + s0 + g̃k(zk, t)

ṡj = sj+1, j = 0, . . . , q − 2

ṡq−1 = f̃q−1(zk, sq−1, t) + b̃q−1(zk, sq−1, xr+1t)u

+ g̃q−1(zk, sq−1, η, t)

η̇ = q(zk, sq−1, η, t) (20)

where the variables z1, . . . , zk are defined in (16), sq−1 =
(s0, s1 . . . , sq−1)T, and b̃q−1 = bk+1bk+2 · · · br. Denote

N1,q = |s0|p/q

Ni,q =
(
|s0|p/q + |s1|p/(q−1) + · · · + |si−1|q−i+1)

)(q−i)/p

,

i = 1, . . . , q − 1

Nq−1,q =
(
|s0|p/q + |s1|p/q−1 + · · · + |sq−2|p/2

)1/p

ψ0,q = s0 ψ1,q = s1 + β1N1,q sign(ψ0,q)

ψi,q = si + βiNi,q sign(ψi−1,q), i = 2, . . . , q − 1

(21)

where p are positive numbers p ≥ q, and βi, i = 2, . . . , q − 1,
denotes the controller gains [25]. Then, assuming that, for some
C > 0, Km > 0, and KM > 0, the following inequalities:∣∣∣f̃q−1(zk, sq−1, t) + g̃q−1(zk, sq−1, xr+1t)

∣∣∣ ≤C

0 < Km ≤
∣∣∣b̃q−1(zk, sq−1, xr+1t)

∣∣∣ ≤KM

hold, then, with properly chosen positive parameters α0 and βi,
i = 1, . . . , q − 1, the controller

u = −α0 sign [ψq−1,q(s0, . . . , sq−1)] (22)

provides for the finite-time attractivity of the SM on the
q-sliding set [25]

sj = 0, j = 0, . . . , q − 1. (23)

The motion on the q-sliding set (23) is called q-SM (qth-order
SM). The qth-order SM dynamics are described by the reduced
(n − q)th-order SME

żi = − kizi + zi+1 + g̃i(zi, t), i = 1, . . . , k − 1

żk = − kkzk + g̃k(zk, t)

η̇ = q(zk, 0, η, t). (24)

It is important to note that the HOSM controller (21) and
(22), together with the (q − 1)th-order robust exact differen-
tiator [25], ensures the robustness of the closed-loop system
(12)–(14) and (21) and (22) with respect to the matched un-
certainty term gr(x, t), as well as the unmatched ones gi(xi, t),
i = k + 1, . . . , r − 1. Moreover, the parameter k in the system
(20) can be adjusted to obtain a tradeoff between the controller
complexity and robustness of the closed-loop system.

Remark 3: Note that the FOSM controller

u = −u0b̃
−1
q−1 sign(σ), σ = c0s0 + · · · + cq−2sq−2 + sq−1

(25)

can ensure the finite-time convergence of the state vector only
to the manifold σ = 0, and the sliding motion on this manifold
is governed by the SME of (n − 1)th order

żi = − kizi + zi+1 + g̃i(zi, t), i = 1, . . . , k − 1

żk = − kkzk + s0 + g̃k(zk, t)

ṡj = sj+1, j = 0, . . . , q − 2

ṡq−2 = −
α=q−2∑

α=0

cαsα

η̇ = q(zk, sq−1, η, t). (26)

If all the variables si, i = 0, 1, . . . , q − 1, in (25) are obtained
from the differentiator, then the FOSM controller (25) would
yield ideal robustness with respect to the uncertainties gi(xi, t),
i = k + 1, . . . , r, similar to the HOSM controller (21) and (22).
However, as it can be seen, the HOSM motion on the set (23)
is described by the (n − q)th SME (24); thus, its stability is
defined by with k eigenvalues −k1, . . . ,−kk while the FOSM
dynamics (26) are of the order (n − 1), and its local stability
depends on (k + q − 1) eigenvalues. Therefore, if we try to
implement SM of the order q in discrete time, we will obtain
the precision O(hq) and O(h) precision for the FOSM [25].

IV. HOSM BLOCK CONTROLLER FOR GENERATOR

In this section, to design a robust controller for the power
system (7)–(11), we will first design the nonlinear set (23),
and then, applying the HOSM approach, we will propose a
discontinuous controller that ensures a desired SM motion on
this set. It is important that the dynamics of the exciter system
will not be taken into account in the control design procedure,
while the quality of the FOSM controller for the synchronous
generator in the presence of the unmodeled exciter dynamics
will be saved even, in that case, some chattering can occur [19].

A. Nonlinear Sliding Set Design

To satisfy the control objective, which is the rotor angle
stability, we define the control error as

ε2 = x2 − ωb. (27)
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Then, the system (7), (9)–(11) is rewritten as

ẋ1 = ε2

ε̇2 = f2(x1,x2, Tm) − b2(x1,x2)x3

ẋ3 = f3(x1,x2) + b3efd

ėfd = fe(efd) + beVR

V̇R = fV (efd, VR, Vref , VT , Rf ) + bV u (28)

Ṙf = fR(efd, VR, Rf )

ẋ2 = F 2(x1,x2) (29)

where F 2(x1, x2)=F2(x1,x2, h1(x1,x2), h2(x1,x2)), f2(·)=
dmTm − (a22x4h1(·) + a23x5h2(·) + a24x6h1(·) + a25h1(·)
h2(·)), b2 =a21h2(·), f3(·)=a31x3+a32x5+a33h1(·), fe =
−(KE +SE)efd/TE , be =1/TE , bV =1/TA, fV (·)=(1/TA)
[−VR+KARf +KA(Vref−VT )], fR =−(1/TF )Rf +(KF

(KE + SE)/TF TE)efd + (KF /TF TE)VR, and b2(t) is a
positive function of the time. The subsystem (29) describes the
internal (uncontrolled) power system dynamics.

It can be noted that the excitation voltage efd was considered
in [38] as the control input for the power system, and imple-
mentation of the designed discontinuous control algorithm in
real life, i.e., in the presence of the additional exciter system
dynamics (9)–(11), yields chattering.

The subsystem (28) has the NBC form (or strict feedback
form), and the relative degree of this subsystem with respect
to the control error ε2 is equal to four. Therefore, it is possible
to apply any FL technique: block control [23], backstepping
[39], or exact linearization [40]. The direct implementation of
these techniques leads to a computationally expensive control
algorithm. To simplify the control algorithm, following the
block control technique, we choose the desired linear dynamics
for the control error ε2 as

ε̇2 = −k0ε2 + s0. (30)

To achieve these dynamics, the virtual control x3 in the second
block of (28) is selected as

x3 = b−1
2 [f2(x1,x2, Tm) + k0ε2 − s0] , k0 > 0. (31)

Now, the sliding variable s0 can be calculated from (31) as

s0 = b2(x1,x2)x3 − f2(x1,x2, Tm) − k0(x2 − ωb). (32)

Using (32), the projected motion equation of the system (28)
and (29) on the subspace s0 can be derived of the form

ṡ0 = f0(x1,x2, Tm) − b0(x1,x2)efd

where f0(·) is a continuous function, b0(·) = b3b2(·), and
b0(t) > 0. Using s0(32) and its derivatives

s1 = ṡ0 =f0(x1,x2, Tm)+b0(x1,x2)efd s2 = s̈0 (33)

as new variables, the subsystem (28) can be represented as

ẋ1 = ε2

ε̇2 = − k0ε2 + s0 (34)
ṡ0 = s1

ṡ1 = s2

ṡ2 = fs(x1,x2, efd, VR, VT , Vref , Rf , Tm)
− bs(x1,x2)u (35)

where fs is a continuous function, bs(·) = b3b2(·), and bs(t) is
a positive function of time. To enforce SM motion on s0 = 0,
s1 = 0, and s2 = 0, we select the third-order SM algorithm

u = − u0sign [ψ2,3(s0, s1, s2)] ,
u0 > 0; β2 > 0; β1 > 0

ψ2,3(s0, s1, s2) = s2 + β2

(
|s1|3 + |s0|2

)1/6

× sign
(
s1 + β1|s0|2/3sign s0

)
. (36)

B. Stability Analysis

Assume that, in the admissible operation region Ω(x1,x2,
Tm, Vref ) for some Cg > 0, Kgm > 0, and KgM > 0, the
following inequalities hold:

|fs(x1,x2, efd, VR, VT , Vref , Rf , Tm)| ≤ Cg

0 < Kgm ≤ |bs(x1,x2)| ≤ KgM . (37)

Then, from [25], it follows that there exists a set of constants
u0 > 0, β1 > 0, and β2 > 0 such that the state vector of the
closed-loop system (34)–(36) converges in finite time to the
third-order SM set

s0 = 0 s1 = 0 s2 = 0. (38)

The sliding motion on (38) is described by the reduced-
order SME

ẋ1 = ε2 ε̇2 = −k0ε2 (39)
ż = − a1z − a2efd,ss + a3VR,ss

ẋ2 =F 2(x1,x2) (40)

where z=RF , a1 =1/TF , a2 =KF (KE +SE)/TF TE , a3 =
KF /TF TE , efd,ss, and VR,ss are the steady-state values of efd

and VR, respectively, on the set (38).
Note that the linear subsystem (39) with the desired eigen-

value −k0 describes the transformed linearized mechanical
dynamics on the sliding manifold s0 = 0, while the subsystem
(40) represents the rotor flux and exciter system internal dy-
namics on the sliding manifold s1 = 0 and s2 = 0. The second
equation in (39), with k0 > 0, is asymptotically stable; thus,
limt→∞ ε2(t) = 0, and the angle x1(t) = x1(0) +

∫ t

0 ε2(υ)dυ
tends to a steady-state value x1ss = δss as the control error
ε2(t) tends to zero. On the invariant subspace{

ε2 = 0, s0 = 0, s1 = 0, s2 = 0,x2 ∈ R3, z ∈ R
}

(41)

the dynamics (40) are referred to as zero dynamics. To derive
these dynamics, using (31) and (33), we calculate the excitation
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flux x3 and voltage efd values, respectively, on the invariant set
(41) as

x3 = − b−1
2 (x1,x2)f2(x1,x2, Tm)

efd = b−1
0 (x1,x2)f0(x1,x2, Tm). (42)

Now, substituting the angle and speed steady-state values x1 =
δss and x2 = ωb in (42) and then in subsystem (40) results in
the following linear system with nonvanishing perturbation:

η̇z = Azηz + gz(ηz, δss, ωb, Tm, efd,ss, VR,ss) (43)

where ηz =
[

z
x2

]
, Az =

[
−a1 0
0 A2

]
, a1 > 0

A2 =

⎡
⎣ b11−b13ar21c11 −b13ar22c22 b12−b13ar21c12

−b23ar11c11 b22−b23ar12c22 −b23ar11c12

b31−b33ar21c11 −b33ar22c22 b32−b33ar21c12

⎤
⎦

and gz(x2, δss, ωb, Tm, efd,ss, VR,ss) is a continuous function.
Since Az matrix in (43) is Hurwitz by virtue of rotor flux
dynamics and gz is a bounded function in Ω(x1,x2, Tm, Vref),
then a solution to the zero dynamics (43) locally exponentially
converges to a steady state z = zss and x2 = x2ss defined by a
value of Tm.

C. Robust Exact Differentiator

The implementation of the proposed third-order SM con-
troller requires real-time exact calculation of the s1 and s2

derivatives (33) that leads to a computationally expensive con-
trol algorithm. To avoid this problem and obtain these deriva-
tives, an SM robust exact differentiator [25] is employed. We
use the second-order robust exact differentiator defined by

ż0 = ν0, ν0 = −λ0|z0 − s0|2/3 sign(z0 − s0) + z1

ż1 = ν1, ν1 = −λ1|z1 − ν0|1/2 sign(z1 − ν0) + z2

ż2 = − λ2 sign(z2 − ν1) (44)

where z0, z1, and z2 are the estimates of the sliding variable s0

and its derivatives s1 and s2, respectively. In [25], it was shown
that there exists λi > 0, i = 0, 1, 2, such that the estimates z0,
z1, and z2 converge to the real variables s0, s1, and s2, respec-
tively, in finite time. These estimates are then implemented in
controller (36) instead of the real variables.

It should be noted that only the generator speed dynamics
were used to design the sliding surface s0 = 0 (32) while the
derivatives of s0 were obtained via the HOSM differentiator
(44); this does not require the knowledge of the exciter’s
(9)–(11) parameters.

V. SIMULATION RESULTS

The proposed control algorithms were tested on the sixth-
order model of a synchronous generator connected through a
transmission line to an infinite bus, including the exciter control
system (9)–(11). The simulations were done using MATLAB,
the Euler integration method, and a fixed time step of 0.0001 s.

Fig. 4. Power angle during mechanical perturbation and short circuit. Perfor-
mance comparison: HOSM controller versus AVR+PSS.

A. Nominal Parameters of Machine and Network

The data plate of the synchronous generator is 555 MVA,
0.9 p.f., 24 Kv, two poles, and three phases. The parameters of
the synchronous machine and external network in p.u. are

T ′
do = 8.0 s T ′

qo = 1.0 s T ′′
do = 0.03 s

T ′′
qo = 0.07 s �a = 0.1 H = 3.5 s

Ld = 1.81 L′
d = 0.3 L′′

d = 0.23

Lq = 1.76 L′
q = 0.6 Lext = 0.1

Rext = 0.001.

These values were used to calculate the parameters for the
system (7) and (8).

B. Controller Parameters

The controller gains were chosen and adjusted to u0 =
0.2 p.u., k0 = 10, β2 = 2, and β1 = 1. The eigenvalues of
matrix A2 in (43) were calculated as λa = −38.77, λb =
−0.5024, and λc = −27.04. The constants for the sliding dif-
ferentiator were selected as λ0 =125, λ1 =115, and λ2 =100.

C. Results

To evaluate the efficiency of the proposed HOSM controller
compared to the conventional PSS+AVR and the FOSM ones,
several tests are now carried out under more significant pertur-
bations in power systems.

Test A.1—Step Changes in Tm and Three-Phase Short Cir-
cuit With Plant Nominal Parameters; HOSM Controller Versus
PSS+AVR: In the first test, starting in the steady-state con-
dition Tm(0) = 0.5 p.u., the mechanical torque experienced
first a step (−0.15) p.u. at t = 0.5 s, reaching 0.35 p.u., and
then a step 0.15 p.u. at t = 1.5 s, reaching 0.5 p.u. Finally, a
150-ms three-phase short circuit at t = 5 s is applied at the
transformer terminals. Figs. 4 and 5 show the angle and velocity
responses. The solid line is the performance of the proposed
HOSM controller, while the dotted line is the response of the
classical PSS+AVR. The simulation results clearly indicate
that the proposed HOSM controller provides better damping
enhancement than the classical one. Figs. 6 and 7 show that,
in spite of the strong disturbance, the terminal voltage and
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Fig. 5. Rotor velocity during mechanical perturbation and short circuit.
Performance comparison: HOSM controller versus AVR+PSS.

Fig. 6. Generator voltage affected by a 0.15-s short circuit (HOSM
controller).

Fig. 7. Field flux linkage under mechanical perturbation and short circuit
(HOSM controller).

field flux linkage reach a steady-state condition, exhibiting the
stability of the closed-loop system (HOSM controller).

Test A.2—Step Changes in Tm and Three-Phase Short Cir-
cuit With Generator Parameter Variations: In the second test,
the same perturbations as in the first test are applied but consid-
ering the most important parameter variations in generator Lmd

and Lmq. The solid line in Fig. 8 is the response of the proposed
HOSM controller applied to the nominal plant, while the dotted
and gray lines correspond to the plant parameter perturbations:
The values of parameters Lmd and Lmq experience variations
of ±40%, respectively, introducing variations of parameters
a31, a32, a33, cdi, and cqi, where i = 1, . . . , 6 in (7) and (8). We
can observe that the angle δ converges to the steady-state value,
and it is invariant with respect to the plant parameter variations.

Test A.3—Change in External Topology: In the third test,
a step change in the equivalent external line reactance from
0.1 p.u. to 0.5 p.u. is applied at time t = 3 s. This is equivalent
to break down four parallel external lines. From Fig. 9, it is
clear that the HOSM controller is able to reject the external
perturbation.

Fig. 8. Power angle performance during mechanical perturbation and short
circuit, with a step change of Lmd and Lmq (HOSM controller).

Fig. 9. Power angle performance during a step change in external line
configuration (HOSM controller).

Fig. 10. Power angle performance: HOSM versus FOSM.

Test A.4—Step Changes in Tm and Three-Phase Short Cir-
cuit; HOSM controller Versus FOSM One: In the fourth test,
the performance of the HOSM controller (solid line) is com-
pared to the FOSM one (gray line in Figs. 10 and 13, and dotted
line in Figs. 11 and 12). The events are the same as in the first set
simulations. The transient behaviors of the power angle, rotor
velocity, and control are shown in Figs. 10, 13–15, respectively
(with black HOSM and gray FOSM), while the steady-state
accuracy comparison for the power angle on smaller scales
is shown in Figs. 11 and 12. The transient behavior, as well
as steady-state performance comparison of two controllers,
exhibits the clear advantage of the proposed HOSM controller.

Regarding the comparison of the controller behaviors
(Figs. 14 and 15), it can be noted that the HOSM controller
performs better than the FOSM one regarding the magnitudes
of the transients caused by the disturbances (see Figs. 4–13).
Fig. 15 shows distinct periods of control saturation that are
not evident in Fig. 14 for the FOSM controller. The controller
(36) gains, i.e., the parameters of the continuous switching
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Fig. 11. Representation of Fig. 10 on a smaller scale, steady state for
0 ≤ t < 5 s.

Fig. 12. Representation of Fig. 10 on a smaller scale, steady state for 2.5 ≤
t < 5 s.

Fig. 13. Rotor velocity: HOSM versus FOSM.

Fig. 14. Control input u under mechanical perturbation and short circuit
(FOSM controller).

function ψ2,3(s0, s1, s2), are larger than the parameters of the
smooth switching function in the FOSM controller; therefore,
the equivalent control magnitude during the application of
the disturbances becomes much larger in the case of HOSM

Fig. 15. Control input u under mechanical perturbation and short circuit
(HOSM controller).

controller than in the case of FOSM one. This leads to the larger
saturation period in the first case than in the second one.

On the other hand, the variables of the HOSM controller
are faster than those in the FOSM one; moreover, the HOSM
controller provides higher order finite-time convergence to the
manifold s0 = 0, while the FOSM controller ensures only
asymptotic convergence to s0 = 0. As a result, the switching
frequency during SM and steady state in the system with
HOSM controller (see Figs. 14 and 15) is higher than with the
FOSM one. As it was mentioned before, the implementation
of the HOSM control in the discrete time gives the precision
O(hq), while the FOSM will give us just O(h) precision.

VI. CONCLUSION

In this paper, a nonlinear excitation controller for a power
system has been proposed. The simple control design was
based on a combination of the block control and SM control
techniques. In particular, the HOSM algorithm was applied to
ensure chattering-free stability of closed-loop system in the
presence of the unmodeled exciter system dynamics. The robust
and high-accuracy performance of the designed controller was
checked and confirmed by simulations. The performance com-
parison of two controllers, FOSM and HOSM, demonstrated
the clear advantage of the proposed HOSM controller. The
designed controller can be constituted instead of the existing
PSS in a traditional structure as a supplementary loop to the
main AVR. The proposed control methodology can be extended
to multimachine systems.

APPENDIX

To derive the nonlinear transformation (15) which linearizes
the nominal part of (12), the block control design technique
[18], [23] is used, considering xi+1, i = 1, . . . , r − 1 as a vir-
tual control vector in each ith block of (12). The transformation
procedure is outlined in the following steps.

Step 1) Let the fictitious control x2 in the first block (12),
rewritten as

ż1 = f1(x1) + b1(x1)x2 + g1(x1, t) − ẏref (A1)

be selected of the form

x2 = b−1
1 (x1) [−f1(x1) − k1z1 + ẏref + z2] (A2)
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where z2 is a new variable, and k1 > 0. The first trans-
formed block (A1) in new variables z1 and z2, with input
(A2), has the desired form (16), i.e.,

ż1 = −k1z1 + z2 + g̃1(z1, t).

Using (A2), the variable z2 can be obtained as (15), i.e.,

z2 =b−1
1 (x1)x2 + f1(x1) + k1ϕ1(x1, t) − ẏref

Δ= ϕ2(x1, t).

Step i) At this stage, it is possible to show that we have, after
(i − 1) steps, the transformed blocks of system (12) with
the new variables z1, z2, . . . , zi−1 given by

ż1 = − k1z1 + z2 + g1(z1, t)

...

żi−1 = − ki−1zi−1 + zi + g̃i−1(zi−1, t) (A3)

with

zi = ϕi(xi, t). (A4)

Then, on the ith step of the transformation procedure, we
will have the transformed ith block with a new state vector
zi similar to (A3). To carry this out, taking the derivative
of (A4) along the trajectories of (12) results in

żi = f̃i(xi) + b̃i(xi)xi+1 + g̃i(xi, t) (A5)

where

f̃i =
i−1∑
j=1

[
∂ϕi

∂xj
fj + bjxj+1

]
+

∂ϕi

∂xi
fi +

∂ϕi

∂t

g̃i =
i∑

j=1

∂ϕi

∂xj
gj b̃i = b̃i−1bi.

The fictitious control vector xi+1 in (A5) can be
selected similar to (A2), of the form

xi+1 = b̃−1
i (xi)

[
−f̃i(xi) − kizi + zi+1

]
(A6)

where −kizi is a desired linear dynamics for zi. Thus, (A5)
with (A6) takes the same form as (A3), i.e.,

żi = −kizi + zi+1 + g̃i(zi, t).

Using (A6) we can obtain the recursive transformation
(15), i.e.,

zi+1 = b̃i(xi)xi+1 − f̃i(xi) − kizi.

Step r) On the last step, calculating the time derivative of
zr = ϕr(xr) gives the last block

żr = f̃r(zr, xr+1) + b̃r(zr, xr+1)u + g̃r(zr, xr+1, t)

where

f̃r =
r−1∑
j=1

[
∂ϕr

∂xj
fj + bjxj+1

]
+

∂ϕr

∂xi
fi +

∂ϕr

∂t

b̃r = b̃r−1br g̃r =
r∑

j=1

∂ϕr

∂xj
gj

thus, transformation (14) and (15) reduces the system (12)
and (13) to (16).
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